CSs 373 Lecture 2: Dynamic Programming Fall 2002

Those who cannot rememter the past are doomedto repeat it.

| Geage Santayana, The Life of Reason,Book I:
Introduction and Reasonin Common Sense(1905)

The \Dynamic-Tension’ " bodybuilding program takes only 15 minutes a day
in the privacy of your room.

| ChalesAtlas

2 Dynamic Programming (Septem ber 5 and 10)

2.1 Exp onentiation (Again)

Last time we sawv a \divide and conquer" algorithm for computing the expressiona", given two
integersa and n asinput: rst compute a?=2¢, then a®=2¢, then multiply . If we computed both
factors a?"=2¢ and a®"=2¢ recursively, the number of multiplications would be given by the recurrence

T() =0  T(n)= T(bn=2c) + T(dn=2e) + L:

The solution is T(n) = n 1, sothe nave recursive algorithm usesexactly the samenumber of
multiplications asthe nave iterativ e algorithm. !

In this case,it's obvious how to speed up the algorithm. Once we've computed a™=2¢, we
we don't needto start over from scratch to compute a®=2¢; we can do it in at most one more
multiplication. This samesimpleidea| don't solve the same subproblem more than once]|
can be applied to lots of recursive algorithms to speed them up, often (as in this case)by an
exponertial amount. The technical name for this technique is dynamic programming.

2.2 Fib onacci Num bers

The FibonaccinumbersF,, namedafter LeonardoFib onacciPisanc?, arede ned asfollows: Fg = 0,
Fr. =1, andF, = F, 1+ F, 2 forall n 2. The recursive de nition of Fibonacci numbers
immediately givesus a recursive algorithm for computing them:

RecFibo (n):
if (n< 2)
return n
else
return RecFibo (n 1)+ RecFibo (n 2)

How long doesthis algorithm take? Except for the recursive calls, the entire algorithm requires
only a constart number of steps: one comparisonand possibly one addition. If T(n) represetts the
number of recursive calls to RecFibo , we have the recurrence

TO)=1 T@Q)=1 TM=Tn 1+T(nh 2)+ 1L

This looks an awful lot like the recurrencefor Fib onaccinumbers! In fact, it's fairly easyto show
by induction that ‘T(n) = 2Fn41 1‘. In other words, computing F, using this algorithm takes
more than twice as many stepsasjust counting to Fp!

1But lesstime. If we assumethat multiplying two n-digit numbers takes O(nlogn) time, then the iterativ e
algorithm takes O(n?logn) time, but this recursive algorithm takesonly O(nlog? n) time.
2Literally , \Leonardo, son of Bonacci, of Pisa".
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Another way to seethis is that the RecFibo is building a big binary tree of additions, with
nothing but zerosand onesat the leaves. Sincethe ewventual output is Fp, our algorithm must
call RecRibo (1) (which returns 1) exactly F, times. A quick inductive argumert implies that
RecFibo (0) is called exactly F,, ; times. Thus, the recursiontree hasF, + F, 1 = Fn+1 leaves,
and therefore, becauseit's a full binary tree, it must have 2F,+; 1 nodes. (SeeHomework Zero!)

2.3 Aside: The Annihilator Metho d

Just how slow is that? We can get a good asymptotic estimate for T(n) by applying the annihilator
method, described in the “solving recurrences'handout:

HT(n + 2)i = HT(n+ 1)i + HT(n)i + Hii

HT(n+2) T(n+1) T(n)i=hi
(E? E 1)hT(n)i = Wi
(E? E 1)(E 1)hT(n)i = HOi

Thep characteristic pol)ﬁniomial of this recurrenceis (r?> r 1)(r 1), which has three roots:

= 1*—25 1618, "= 12 0:618, and 1. Thus, the genericsolution is

An

T(n)= "+ +

Now we plug in a few basecases:
TO)=1= + +
T =1= + '+
TQ)=3= 2+ "4

Solving this system of linear equations givesus

1 1
=1+ — =1 —: = 1,
5 5

soour nal solution is

T(n) = 1+191T_3 "+ 1 191—g o= (")

Actually, if we only want an asymptotic bound, we only needto show that 6 0, which is
much easierthan solving the whole system of equations. Since s the largest characteristic root
with non-zerocoe cien t, we immediately have T(n) = ( ").

2.4 Memo(rization and Dynamic Programming

The obvious reasonfor the recursive algorithm's lack of speedis that it computesthe sameFib onacci
numbers over and over and over. A single call to RecursiveFibo (n) results in one recursive call
to RecursiveFibo (n 1), two recursive calls to RecursiveFibo (n  2), three recursive calls
to RecursiveFibo (n 3), v e recursive calls to RecursiveFibo (n  4), and in general, Fx 1
recursive calls to RecursiveFibo (n k), forany 0 k < n. For ead call, we're recomputing
someFibonaccinumber from scratd.

We can speed up the algorithm considerably just by writing down the results of our recursive
calls and looking them up again if we needthem later. This processis called memoization 3

3\My name is Elmer J. Fudd, millionaire. | own a mansion and a yacht."

2
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MemFibo (n):
if (n< 2)
return n
else
if F[n] is unde ned
F[n] MemFibo (n 1)+ MemFibo (n 2)
return F[n]

If we actually trace through the recursive calls made by MemFibo , we nd that the array F[]
gets lled from the bottom up: rst F[2], then F[3], and soon, up to F[n]. Once we realize this,
we can replacethe recursionwith a simple for-loop that just lls up the array in that order, instead
of relying on the complicated recursion to do it for us. This gives us our rst explicit dynamic
programming algorithm.

IterFibo (n):
F[O] O
F[1] 1
fori 2ton

F[il] F[i 1]+ F[i 2]
return F[n]

IterFibo clearly takesonly O(n) time and O(n) spaceto compute F,,, an exponertial speedup
over our original recursive algorithm. We can reducethe spaceto O(1) by noticing that we never
need more than the last two elemers of the array:

lterFibo2 (n):

prev 1

cur O

fori 1lton
next  curr + prev
prev  curr
curr  next

return curr

(This algorithm usesthe non-standard but perfectly consisten basecaseF ; = 1.)
But ewen this isn't the fastest algorithm for computing Fibonacci numbers. There's a faster
algorithm de ned in terms of matrix multiplication, using the following wonderful fact:

01 x _ vy
11y  x+y

In other words, multiplying a two-dimensional vector by the matrix [?1] does exactly the same
thing asoneiteration of the inner loop of IterFibo2 . This might lead usto believe that multiplying
by the matrix n times is the sameas iterating the loop n times:

"1 _ Fn1 .

01
11 O Fn

A quick inductive argumert provesthis. Soif we want to compute the nth Fibonacci number, all
we have to do is compute the nth power of the matrix [$1].

3
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We saw in the previous lecture, and the beginning of this lecture, that computing the nth
power of something requiresonly O(log n) multiplications. In this case,that meansO(logn) 2 2
matrix multiplications, but one matrix multiplications can be done with only a constart number
of integer multiplications and additions. By applying our earlier dynamic programming algorithm
for computing exponerts, we can compute F, in only O(logn) steps.

This is an exponertial speedup over the standard iterativ e algorithm, which was already an
exponertial speedupover our original recursive algorithm. Right?

2.5 Uh. ..wait a min ute.

Well, not exactly. Fibonacci numbers grow exponertially fast. The nth Fibonacci number is
approximately nlog;q n=5 decimal digits long, or nlog, 2n=3 bits. So we can't possibly
compute F,, in logarithmic time | we need ( n) time just to write down the answer!

I've beencheating by assumingwe can do arbitrary-precision arithmetic in constart time. As
we discussedlast time, multiplying two n-digit numbers takes O(nlogn) time. That meansthat
the matrix-based algorithm's actual running time is given by the recurrence

T(n) = T(bn=2c) + O(nlogn);

which solvesto T(n) = O(nlogn) by the Master Theorem.

Is this slower than our \linear-time" iterativ e algorithm? No! Addition isn't free, either. Adding
two n-digit numberstakesO(n) time, sothe running time of the iterativ e algorithm is O(n?). (Do
you seewhy?) So our matrix algorithm really is faster than our iterative algorithm, but not
exponertially faster.

Incidentally, in the recursive algorithm, the extra cost of arbitrary-precision arithmetic is over-
whelmed by the huge number of recursive calls. The correct recurrenceis

T(nN)=T(n 1)+ T(n 2)+ O(n);

which still hasthe solution O( ") by the annihilator method.

2.6 The Pattern

Dynamic programming is essetially recursion without repetition. Developing a dynamic program-
ming algorithm generally involvestwo separatesteps.

1. Formulate the problem recursiv ely. Write down a formula for the whole problem as a
simple conmbination of the answersto smaller subproblems.

2. Build solutions to your recurrence from the bottom up. Write an algorithm that
starts with the basecasesof your recurrenceand works its way up to the nal solution by
consideringthe intermediate subproblemsin the correct order.

Of course,you have to prove that ead of these stepsis correct. If your recurrenceis wrong, or if
you try to build up answersin the wrong order, your algorithm won't work!

Dynamic programming algorithms needto store the results of intermediate subproblems. This
is often but not always done with somekind of table.
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2.7 Edit Distance

The edit distance betweentwo words is the minimum number of letter insertions, letter deletions,
and letter substitutions requiredto transform oneword into another. For example,the edit distance
between FOORINd MONEI$ at most four:

FOoOD MOD! MO®! MONED MONEY

A better way to display this editing processis to place the words one above the other, with a gap
in the rst word for every insertion, and a gap in the secondword for every deletion. Columns with
two di er ent characters correspond to substitutions. Thus, the number of editing stepsis just the
number of columnsthat don't contain the samecharacter twice.

F OO D
M ONEYY

It's fairly obvious that you can't get from FOORo MONEM three steps,sotheir edit distanceis
exactly four. Unfortunately, this is not so easyin general. Here's a longer example, shawving that
the distance between ALGORITHMd ALTRUISTIGs at most six. Is this optimal?

AL GOR I T H M
A L T RUI STI C

To dewelopa dynamic programming algorithm to compute the edit distance betweentwo strings,
we rst needto dewelop a recursive de nition. Let's say we have an m-character string A and an
n-character string B. Then de ne E(i; j) to be the edit distance betweenthe rst i charactersof A
and the rst j charactersof B. The edit distance betweenthe entire strings A and B is E(m;n).

This gap represeration for edit sequencedas a crucial \optimal substructure" property. Sup-
posewe have the gap represeration for the shortest edit sequenceor two strings. If we remove
the last column, the remaining columns must represent the shortest edit sequence for
the remaining substrings. We can easily prove this by corntradiction. If the substrings had a
shorter edit sequencewe could just glue the last column badk on and get a shorter edit sequence
for the original strings.

There are a couple of obvious basecases.The only way to convert the empty string into a string
of j charactersis by doing j insertions, and the only way to convert a string of i characters into
the empty string is with i deletions:

E(i; 0) = i; E@©G;j) =1
In general,there are three possibilities for the last column in the shortest possibleedit sequence:
Insertion: The last entry in the bottom row is empty. In this case,E(i;j) = E(i 1;j) + 1.
Deletion: The last entry in the top row is empty. In this case,E(i;j) = E(i;j 1)+ 1.

Substitution:  Both rows have charactersin the last column. If the characters are the same,
we don't actually haveto pay for the substitution, soE(i;j) = E(i 1;j 1). If the characters
aredierent, then E(i;j)=E( 1;j 1)+ 1.

To summarize, the edit distance E(i; j) is the smallest of thesethree possibilities:

8 _ _ 9
< E({ Lj)+1 =

E(i;j)=min_ E(;j] 1)+1 )
" E( L) 1+ A[i16 B[]
5
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[The bracket notation P denotesthe indicator variable for the logical proposition P. Its value is
1if P istrue and O if P is false. This is the sameasthe C/C++/Ja va expressionP ?1:0.]

If we turned this recurrencedirectly into a recursive algorithm, we would have the following
horrible double recurrencefor the running time:

T(m;0)= T(0;n) = O(1); T(m;n)=T(mn 1D+T(m Ln)+T(n 1Im 1)+ O():

Yuck!! The solution f0F5 this recurrenceis an exponertial mess!| don't know a generalclosedform,
but T(n;n) = (1 + 2)"). Obviously a recursive algorithm is not the way to go here.

Instead, let's build an m n table of all possiblevaluesof E(i;j). We can start by lling in
the basecases,the entries in the Oth row and Oth column, ead in constart time. To Il in any
other entry, we needto know the valuesdirectly above it, directly to the left, and both above and
to the left. If we Il in our table in the standard way|ro w by row from top down, ead row from
left to rightjthen whenewer we reach an entry in the matrix, the ertries it dependson are already
available.

EditDist ance (A[1::m];B[1:n]):
fori 1ltom
Edit[i; 0] i
for j lton
Edit[0;j] |
fori 1ltom
for | lton
if Ali]=BJ[j]
Edit[i;j] min Edit[i 1;j]+ 1,
Edit[i;j 1]+ 1;
Edit[i 1;j 1]

else
Edit[i;j] min Editfi 1;j]+ 1;
Edit[i;j 1]+ 1;
Edit[i 1;;j 1]+1

return Editfm; n]

Sincethere are ( n?) ertries in the table, and eah ertry takes (1) time once we know its
predecessorsthe total running time is ( n?).

Here's the resulting table for ALGORITHM ALTRUISTIC Bold numbers indicate placeswhere
charactersin the two strings are equal. The arrows represen the predecessor(sjhat actually de ne
ead entry. Ead direction of arrow correspondsto a di erent edit operation: horizontal=deletion,
vertical=insertion, and diagonal=substitution. Bold diagonal arrows indicate \free" substitutions
of a letter for itself. A path of arrows from the top left corner to the bottom right corner of this
table represetts an optimal edit sequencebetweenthe two strings. There can be many suc paths.
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AL GORITHWM

o! 11 2! 3! 41 51 6! 7! 8! 9
#&

Al 1 oO! 11 21 3! 41 51 6! 7! 8
# #H&

LI 2 1 0! 1@ 2! 3! 4 5! 6! 7
# # #& & & & &

T| 3 2 1 11 21 3! 41 41 51 6
# # # #& & & &

R 4 3 2 2 2 2! 3 4 51 6
# OH HEHE H& H#& & & &

ul 5 4 3 3 3 3 3 4! 51 6
# O# HEHR HE H& & & &

|1 6 5 4 4 4 4 3! 4! 51 6
# #H HEH& H&# #& & &

S| 7 6 5 5 5 5 4 4 5 6
# O# H&H&E H& H# H& & &

T| 8 7 6 6 6 6 5 4! 5! 6
# O# H& H& H& H&H #& &

119 8 7 7 7 7 6 5 5! 6
# OH HE HE& H&# # H& #&

C|10 9 8 8 8 8 7 6 6 6

The edit distance between ALGORITHEhd ALTRUISTIGs indeed six. There are three paths
through this table from the top left to the bottom right, sothere are three optimal edit sequences:

AL G ORI T H M
A LTRUI ST1 C
AL GOR I T H M
A L T RUI STI C
AL GOR I T H M
AL T RUI S TI C

2.8 Danger! Greed Kkills!

If we're very very very very lucky, we can bypassall the recurrencesand tables and so forth, and
solve the problem using a greedy algorithm. The generalgreedy strategy is look for the best rst
step, take it, and then cortinue. For example, a greedy algorithm for the edit distance problem
might look for the longest common substring of the two strings, match up those substrings (since
those substitutions dont cost anything), and then recursively look for the edit distancesbetween
the left halvesand right halvesof the strings. If there is no common substring|that s, if the two
strings have no charactersin common|the edit distance s clearly the length of the larger string.

If this soundslike a hadk to you, pat yourself on the badk. It isn't even closeto the correct
solution. Nevertheless,for many problems involving dynamic programming, many student's rst
intuition is to apply a greedy strategy. This almost never works; problems that can be solved
correctly by a greedy algorithm are very rare. Everyone should tatto o the following sertence on
the badk of their hands, right under all the rules about logarithms and big-Oh notation:

Greedy algorithms never work!
Use dynamic programming instead!

Well...hardly ewer. Later in the semesterwe'll seecorrect greedy algorithms for minimum
spanning trees and shortest paths.
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2.9 Optimal Binary Search Trees

You all remember that the cost of a successfukeard in a binary seart tree is proportional to the
depth of the target node plus one. As a result, the worst-caseseard time is proportional to the
height of the tree. To minimize the worst-caseseard time, the height of the tree should be assmall
as possible;ideally, the tree is perfectly balanced.

In many applications of binary seart trees, it is more important to minimize the total cost of
sewral searhesthan to minimize the worst-casecost of a single seard. If x is a more “popular'
seart target than y, we can save time by building a tree where the depth of x is smaller than the
depth of y, even if that meansincreasingthe overall height of the tree. A perfectly balancedtree
is not the best choice if someitems are signi cantly more popular than others. In fact, a totally
unbalancedtree of depth ( n) might actually be the best choice!

This situation suggeststhe following problem. Supposewe are given a sorted array of n keys
A[l::n] and an array of corresponding accessfrequenciesf [1::n]. Over the lifetime of the searh
tree, we will seart for the key AJi] exactly f [i] times. Our task is to build the binary seart tree
that minimizes the total seard time.

Before we think about how to solwve this problem, we should rst comeup with the right way
to describe the function we are trying to optimize! Supposewe have a binary seart tree T. Let
depth(T;i) denotethe depth of the nodein T that storesthe key A[i]. Up to constart factors, the
total seart time S(T) is given by the following expression:

X
S(T) = depth(T:i) + 1 f[i]
i=1

This expressionis called the weightel external path length of T. We cantrivially split this expression
into two componerts:

X X

S(T) = fli]+ depth(T;i) f[i]:

i=1 i=1
The rst term is the total number of seartes, which doesn't depend on our choice of tree at all.
The secondterm is called the weighted internal path length of T.

We can expressS(T) in terms of the recursive structure of T asfollows. Supposethe root of T

contains the key A[r], sothe left subtree storesthe keysA[l::r 1], and the right subtree stores
the keysA[r + 1::n]. We can actually de ne depth(T;i) recursively as follows:

N

8

2 depth(left(T);i)+ 1 ifi<r
depth(T;i) = _ 0 ifi=r

" depth(right(T);i) + 1 ifi

\

r

If we plug this recursive de nition into our earlier expressionfor S(T), we get the following:

X X1 X1
S(T) = f[i] + depth(left(T);i)+ 1 fJ[i] + depth(right(T);i)+ 1 f]i]
i=1 i=1 i=1
This looks complicated, until we realize that the secondand third look exactly like our initial
expressionfor S(T)!

X
S(T) = f[i]+ S(left(T)) + S(right(T))
i=1
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Now our task is to compute the tree Top: that minimizes the total seard time S(T). Suppose
the root of Ty storeskey A[r]. The recursive de nition of S(T) immediately implies that the left
subtreeleft(Topt) must alsobethe optimal seard tree for the keysA[1::r 1] and accesdrequencies
f[1:r 1]. Similarly, the right subtree right(Topt) must also be the optimal seart tree for the
keysA[r + 1::n] and accesdrequenciesf [r + 1::n]. Thus, oncewe choosethe correct key to store
at the root, the recursion fairy will automatically construct the rest of the optimal tree for us!

More formally, let S(i; j) denote the total seart time for the optimal seart tree containing
the subarray A[1::j]; our task is to compute S(1;n). To simplify notation a bit, let F(i; j) denote
the total frequency courts for all the keysin the subarray Afi ::j ]

- . M
Fa;j) = f[K]
k=i
We now have the following recurrence:

Q
O

<o ifj=i i
S(E) =, F(ij)+ min S(Lir 1)+ S(r+Ln) otherwise
rn

The basecasemight look a little weird, but all it meansis that the total cost for searding an
empty set of keysis zero. We could usethe basecasesS(i; i) = f [i] instead, but this would lead
to extra special caseswhenr = 1 orr = n. Also, the F(i; j) term is outside the max becauseit
doesn't depend on the root index r.

Now, if wetry to evaluate this recurrencedirectly using a recursive algorithm, the running time
will have the following evil-looking recurrence:

X
T(n)= (n)+ Tk 1)+ T(n k)
k=1

The ( n) term comesfrom computing F (1; n), which is the total number of seardes. A few minutes
of pain and su ering by a professionalalgorithm analyst givesus the solution T(n) = (3 "). Once
again, top-down recursion is not the way to go.

In fact, we're not even computing the accesscourts F(i; j) ase cien tly aswe could. Even if
we memoizethe answersin an array F[1::n][1::n], computing ead value F(i; j) using a separate
for-loop requiresa total of O(n3) time. A better approad is to turn the recurrence

il if i =j

FED= bl D+fh] otherwise

into the following O(n?)-time dynamic programming algorithm:

InitF (f [1::n]):
fori 1ton
Fli;i 1] O
for | iton
FL§1  FO;) 1+ (i

This will be usedas an initialization subroutine in our nal algorithm.
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Sonow let's compute the optimal seart tree cost S(1; n) from the bottom up. We can store all
intermediate results in atable S[1::n; 0::n]. Only the ertries SJi; j]Jwith j i 1 will actually be
used. The basecaseof the recursiontells us that any entry of the form S[i;i 1] canimmediately
be setto 0. For any other ertry SJi; j], we can usethe following algorithm fragment, which comes
directly from the recurrence:

ComputeS (i; j):
Shi;jl 1
forr ito]j
tmp  S[i;r 1]+ S[r+ 1;j]
if S[i;j]> tmp
Shi;jl  tmp
Shi;jl Sl jl+ FIijl

The only question left is what orderto Il in the table.

Each entry SJi; j] dependson all entries S[i;r 1] and S[r + 1;j]with i k j. In other
words, every ertry in the table dependson all the ertries directly to the left or directly below. In
order to Il the table e cien tly, we must choosean order that computes all those ertries before
S[i; j]. There are at least three di erent ordersthat satisfy this constraint. The onethat occursto
most people rst is to scanthrough the table one diagonal at a time, starting with the trivial base
casesS[i;i 1]. The complete algorithm looks lik e this:

OptimalSear chTree (f[1::n]):
InitF (f [1::n])
fori  1lton
Sli;i 1] O
ford Oton 1
fori 1lton d
ComputesS (i; i + d)
return S[1;n]

We could also traversethe array row by row from the bottom up, traversing eat row from left to
right, or column by column from left to right, traversing ead columnsfrom the bottom up. These
two orders give us the following algorithms:

OptimalSear chTree2 (f[1::n]): OptimalSear chTree3 (f[1::.n]):
InitF (f [1::n]) InitF (f[1::n])
fori  ndownto 1 for j Oton
S[hi;i 1 O S[+1j] O
for | iton fori j downto 1
ComputeS (i; j) ComputeS (i; j)
return S[1; n] return S[1; n]

-

Three di erent ordersto Il in the table SJi; j].

10
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No matter which of thesethree orders we actually use, the resulting algorithm runs in ( n?)
time and uses ( n?) space.
We could have predict%d this from the original recursive formulation.

<0 ifj=i i

S(i;j) = . F(i;j)+imrinj SGi;r 1)+ S(r+1j)

otherwise

First, the function hastwo argumerts, ead of which can take on any value betweenl1 and n, sowe
probably needa table of sizeO(n?). Next, there are three variablesin the recurrence(i, j, and r),
eah of which can take any value between1 and n, soit should take us O(n?3) time to Il the table.

In general,you can get an easyestimate of the time and spaceboundsfor any dynamic program-
ming algorithm by looking at the recurrence. The time bound is determined by how many values
all the variables can have, and the spacebound is determined by how many valuesthe parameters
of the function can have. For example,the (completely made up) recurrence

k¢ m
F(i;j; kil;m) = min  max FG pi oagril Lm )
Opi O0q] =1
should immediately suggestsa dynamic programming algorithm that usesO(n?®) time and O(n®)
space. This rule of thumb immediately usually givesus the right time bound to shoot for.

But not always! In fact, the algorithm I've described is not the most e cien t algorithm for
computing optimal binary seard trees. Let RJi; j] denote the root of the optimal seart tree for
Ali::j]. Donald Knuth proved the following nice monotonicity property for optimal subtrees: if
we move either end of the subarray, the optimal root movesin the samedirection or not at all, or
more formally:

[R[;j 11 R[;j1 R[+ Ljlforalliandj.|

This (nontrivial') obsenation leadsto the following more e cien t algorithm:

FasterOptimalSear

chTree (f[1::n]):

ComputeSandR (f [1::n]):

InitF (f [1::n])

for i n downto 1
S[hi;i 1] O
Rli;i 1] i
for j iton

ComputeSandR (i; j)
return S[1;n]

Shi;jil 1
forr  RJi;j
tmp  S[i;r
if S[i;j]> tmp
Shi;j]  tmp
R[;j1 r
Shi;jl Sl jl+ FIisjl

1]to j
1]+ S[r + L;j]

It's not hard to seethe r increasesmonotonically from i to n during ead iteration of the outermost
for loop. Consequetly, the innermost for loop iterates at most n times during a single iteration of
the outermost loop, so the total running time of the algorithm is O(n?).

If we formulate the problem slightly di erently, this algorithm can be improved even further.
Suppose we require the optimum external binary tree, where the keys A[1::n] are all stored at
the leaves, and intermediate pivot values are stored at the internal nodes. An algorithm due to
Te Ching Hu and Alan Tucker* computesthe optimal binary seart tree in this setting in only

4T. C. Hu and A. C. Tucker, Optimal computer searc trees and variable length alphabetic codes, SIAM J.
Applied Math. 21:514{532,1971. For a slightly simpler algorithm with the samerunning time, seeA. M. Garsia and
M. L. Wachs, A new algorithms for minimal binary seard trees, SIAM J. Comput. 6:622{642, 1977. The original
correctness proofs for both algorithms are rather intricate; for simpler proofs, see Marek Karpinski, Lawrence L.
Larmore, and Wojciech Rytter, Correctnessof constructing optimal alphabetic trees revisited, Theoretical Computer
Science 180:309-324,1997.
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O(nlogn) time!

2.10 Optimal Triangulations of Convex Polygons

A convexpolygonis acircular chain of line segmets, arrangedsononeof the cornerspoint inwards|
imagine a rubb er band stretched around a bunch of nails. (This is technically not the bestde nition,
but it'll do for now.) A diagonal is a line segmen that cuts acrossthe interior of the polygon from
one corner to another. A simple induction argumert (hint, hint) implies that any n-sided corvex
polygoncanbesplit into n 2 triangles by cutting alongn 3 di erent diagonals. This collection of
triangles is called a triangulation of the polygon. Triangulations are incredibly useful in computer
graphics|most graphicshardwareis built to draw triangles incredibly quickly, but to draw anything
more complicated, you usually have to break it into triangles rst.

A convexpolygon and two of its many possibletriangulations.

There are seeral di erent ways to triangulate any convex polygon. Supposewe want to nd
the triangulation that requiresthe leastamourt of ink to draw, or in other words, the triangulation
where the total perimeter of the triangles is as small as possible. To make things concrete, let's
label the corners of the polygon from 1 to n, starting at the bottom of the polygon and going
clockwise. We'll needthe following subroutinesto compute the perimeter of a triangle joining three
cornersusing their x- and y-coordinates:

(i k) Dist (i; ] ).«
return Dist (i; j) + Dist (j; k) + Dist (i; k) return — (X[i] x[D%+ (Ylil yi]?

In order to get a dynamic programming algorithm, we rst need a recursive formulation of
the minimume-length triangulation. To do that, we really needsomekind of recursive de nition of
a triangulation! Notice that in any triangulation, exactly one triangle usesboth the rst corner
and the last corner of the polygon. If we remove that triangle, what's left over is two smaller
triangulations. The base case of this recursive de nition is a “polygon' with just two corners.
Notice that at any point in the recursion, we have a polygon joining a corntiguous subset of the
original corners.

4 4 5
2 5 3 4 5 45 3
3 3
6
2 — 2 — 7
7
7 7 ././7.7
8 1
b 8 11 S b 8 8

1 8

Two examplesof the recursivede nition of a triangulation.

Building on this recursive de nition, we can now recursively de ne the total length of the
minimume-length triangulation. In the best triangulation, if we remove the "base'triangle, what

12
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remains must be the optimal triangulation of the two smaller polygons. Sowe just have choosethe
besttriangle to attach to the rst and last corners,and let the recursion fairy take care of the rest:

8
<o ifj=i+1
M) = min (i k) + M(i;k) + M(kij)  otherwise
i<k <j

What we're looking for is M (1; n).

If you think this looks similar to the recurrencefor S(i; j ), the cost of an optimal binary sear
tree, you're absolutely right. We can build up intermediate results in a two-dimensional table,
starting with the basecasesM [i; i + 1] = 0 and working our way up. We can use the following
algorithm fragment to compute a genericentry M i; j ]

ComputeM (i; j):
MI[i;j] 1
fork i+1toj 1
tmp (i) k) + M[i; k] + M[k;]]
if M[i;j]> tmp
M[i;j] tmp

As in the optimal seard tree problem, ead table entry M [i; j] dependson all the entries directly
to the left or directly below, sowe can useany of the orders described earlier to Il the table.

M|nTr_|anguIa tion : MinTriangula tion2 : MinTriangula tion3 :
fori lton 1 - .
MEi+1] 0 fori  ndownto 1 for | 2ton
: MI[i;i+1] O M 1;j] O
ford 2ton 1 . . .
. for | i+2ton fori j 1downto 1l
for i lton d
- ComputeM (i; ) ComputeM (i; j)
ComputeM (i; i+ d) return M [1;n] return M [1; n]
return M [1;n] ’ ’

In all three casesthe algorithm runs in ( n2) time and uses ( n?) space,just as we should have
guessedrom the recurrence.

2.11 It's the same problem!

Actually, the last two problems are both special casesof the same meta-problem: computing
optimal Catalan structures. There is a straightforward one-to-onecorrespondencebetweenthe set
of triangulations of a corvex n-gon and the set of binary treeswith n 2 nodes. In e ect, these
two problemsdi er only in the cost function for a single node/triangle.

A polygon triangulation and the corresponding binary tree. (Squaresrepresentnull pointers.)

A third problem that ts into the same mold is the infamous matrix chain multiplication
problem. Using the standard algorithm, we can multiply ap qmatrix by aqgq r matrix using

13
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O(par) arithmetic operations;the resultisap r matrix. If we have three matricesto multiply, the
cost dependson which pair we multiply rst. For example, supposeA and C are 1000 2 matrices
and B isa2 1000matrix. There are two di erent ways to compute the threefold product AB C:

(AB )C: Computing AB takes10002 1000= 20000000perationsand producesa 1000 1000
matrix. Multiplying this matrix by C takes1000 1000 2 = 2000000 additional operations.
Sothe total cost of (AB)C is 4000000 operations.

A(BC): Computing BC takes2 1000 2 = 4000 operations and producesa 2 2 matrix.
Multiplying A by this matrix takes1000 2 2 = 4000 additional operations. Sothe total cost
of A(BC) is only 8000 operations.

Now suppose we are given an array D[0::n] as input, indicating that ead matrix M; has
D[i 1] rows abd D[i] columns. We have an exponertial humber of possibleways to compute the
n-fold product ~_; M;. The following dynamic programming algorithm computesthe number of
arithmetic operations for the best possibleparenthesization:

MatrixChainMul ~ t: ComputeM (i;j):
fori  ndownto 1 MIi;j] 1
MIJi;i+1] O fork i+1toj 1
for j i+2ton tmp (DJ[i] DJj] DIkK]) + M[i; K]+ M [k;j]
ComputeM (i; ) if M[i;j]> tmp
return M [1;n] MTi;j]  tmp

The derivation of this algorithm is left asa simple exercise.
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