CSs 373 Lecture 13: Minim um Spanning Trees Fall 2002

13 Minim um Spanning Trees (Octob er 29)

13.1 Intro duction

Supposewe are given a connected,undirected, weightal graph. This isagraph G = (V; E) together
with afunction w: E ! IR that assignsa weight w(e) to eat edgee. For this lecture, we'll assume
that the weights are real numbers. Our task is to nd the minimum spanning tree of G, i.e., the
spanningtree T minimizing the function

X
w(T) = w(e):
e2T

To keep things simple, Il assumethat all the edge weights are distinct: w(e) 6 w(e9 for any
pair of edgese and €°. Distinct weights guarartee that the minimum spanning tree of the graph
is unique. Without this condition, there may be sewral di erent minimum spanning trees. For
example,if all the edgeshave weight 1, then every spanningtree is a minimum spanning tree with
weight V. 1.

A weighted graph and its minimum spanningtree.

If we have an algorithm that assumegshe edgeweights are unique, we can still useit on graphs
where multiple edgeshave the sameweight, aslong as we have a consistert method for breaking
ties. One way to break ties consistenly is to use the following algorithm in place of a simple
comparison. Shor terEdge takes as input four integersi; j; k;1, and decideswhich of the two
edges(i; j) and (k;1) has smaller' weiglt.

Shor terEdge (i; j; k;I)
if w(i;j) < w(k;l) return (i; )
if w(i;j) > w(k;l) return (k;I)
if min(i; j) < min(k;I) return (i; j)
if min(i; j) > min(k;I) return (k;l)
if max(i; j) < max(k;l) return (i;j)
iif max(i,j) < max(k,l)ii return (k;I)

13.2 The Only MST Algorithm

There are seweral di erent ways to compute minimum spanning trees, but really they are all in-
stancesof the following genericalgorithm. The situation is similar to the previous lecture, wherewe
saw that depth- rst seart and breadth- rst seard were both instancesof a single generictraversal
algorithm.

The genericMST algorithm maintains an acyclic subgraph F of the input graph G, which we
will call an intermediate spanning forest F is a subgraph of the minimum spanning tree of G,
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and every componert of F is a minimum spanning tree of its vertices. Initially , F consistsof n
one-nade trees. The genericMST algorithm mergestreestogether by adding certain edgesbetween
them. When the algorithm halts, F consistsof a single n-node tree, which must be the minimum
spanning tree. Obviously, we have to be careful about which edgeswe add to the ewlving forest,
sincenot every edgeis in the eventual minimum spanning tree.

The intermediate spanningforest F inducestwo specialtypesof edges.An edgeis uselessif it is
not an edgeof F, but both its endpoints arein the samecomponert of F. For ead componert of F,
we assiate a safe edge|the minimum-weight edgewith exactly oneendpoint in that componert. *
Di erent componerts might or might not have di erent safeedges.Someedgesare neither safenor
useless|w e call these edgesundecided.

All minimum spanning tree algorithms are basedon two simple obsenations.

Lemma 1. The minimum spanningtree contains every safeedgeand no uselessedges.

Pro of: Let T bethe minimum spanningtree. SupposeF hasa “bad' componernt whosesafeedge

e= (u;v) isnotin T. SinceT is connected,it cortains a unigue path from u to v, and at least

one edgee® on this path has exactly one endpoint in the bad componert. Removing e° from the

minimum spanningtree and adding e givesus a new spanningtree. Sincee is the bad componert's

safe edge, we have w(e® > w(e), sothe the new spanning tree has smaller total weight than T.

But this is impossible| T is the minimum spanningtree. SoT must cortain every safeedge.
Adding any uselessedgeto F would introduce a cycle.

Proving that everysafeedgeis in the minimum spanningtree. The “bad' component of F is highlighted.

So our generic minimum spanning tree algorithm repeatedly adds one or more safe edgesto
the ewlving forest F. Whenewer we add new edgesto F, someundecided edgesbecomesafe, and
others becomeuseless.To specify a particular algorithm, we must decidewhich safeedgesto add,
and how to identify new safeand new uselessedges,at ead iteration of our generictemplate.

13.3 Boruvka's Algorithm

The oldest and possibly simplest minimum spanning tree algorithm was discovered by Boruvka in
1926,long beforecomputerseven existed, and practically beforethe invertion of graph theory!? The
algorithm was rediscovered by Choquet in 1938; again by Florek, Lukaziewicz, Perkal, Stienhaus,
and Zubrzycki in 1951;and again by Sollin sometime in the early 1960s.

The Boruvka/Cho quet/Florek/Luk aziewicz/Perkal/Stienhaus/Zubrzycki/Sollin algorithm can
be summarizedin oneline:

1This is actually a special case of a more general de nition: For any partition of F into two subforests, the
minim um-weight edgewith one endpoint in eat subforestis light. A few minimum spanning tree algorithms require
this more general de nition, but we won't talk about them here.

2The rst book on graph theory, written by D. Konig, was published in 1936. Leonard Euler published his famous
theorem about the bridges of Konigsburg (HW3, problem 2) in 1736. Konigsburg was not named after that Konig.
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‘Bor uvka : Add all the safeedgesand recurse.

Boruvka's algarithm run on the examplegraph. Thick edgesare in F.
Arrows point along each component's safe edge. Dashededgesare useless.

At the beginning of ead phaseof the Boruvka algorithm, ead componert electsan arbitrary
‘leader' node. The simplest way to hold theseelectionsis a depth- rst seart of F; the rst node
we visit in any componert is that componert's leader. Once the leadersare elected, we nd the
safeedgesfor ead componert, essetially by brute force. Finally, we add these safeedgesto F.

FindSafeEdges (V;E):
for eat leaderv
Bor uvka (V;E): safgv) 1
F=(V;?) for ead edge(u;v) 2 E
while F has more than one componert U leader(u)
chooseleadersusing DFS vV leader(v)
FindSafeEdges (V;E) ifau6 v
for ead leaderv if w(u;v) < w(safg(m))
add safgVv) to F safe@m (u;v)
if w(u;v) < w(safgV))
safe¢) (u;v)

Eadh call to FindSafeEdges takesO(E) time, sinceit examinesevery edge. Sincethe graphis
connected,it hasat most E + 1 vertices. Thus, ead iteration of the while loop in Bor uvka takes
O(E) time, assumingthe graph is represered by an adjacencylist. Each iteration alsoreducesthe
number of componerts of F by at leasta factor of two|the worst caseoccurswhenthe componerts
coalescein pairs. Sincethere are initially V componerts, the while loop iterates O(log V) times.

Thus, the overall running time of Boruvka's algorithm is |O(E logV) |

Despite its relatively obscureorigin, early algorithms researters were aware of Boruvka's algo-
rithm, but dismissedit asbeing\to o complicated"! As aresult, despiteits simplicity and e ciency ,
Boruvka's algorithm is rarely mentioned in algorithms and data structures textb ooks.

13.4 Jarn k's (‘Prim's’) Algorithm

The next oldest minimum spanning tree algorithm was discovered by the Vojted Jarn k in 1930,
but it is usually called Prim's algorithm. Prim independenly rediscorered the algorithm in 1956
and gave a much more detailed description than Jarn k. The algorithm was rediscovered again in
1958hby Dijkstra, but he already had an algorithm named after him. Sud is fame in academia.

In Jarn k's algorithm, the forest F contains only one nontrivial componert T; all the other
componerts are isolated vertices. Initially, T consistsof an arbitrary vertex of the graph. The
algorithm repeats the following step until T spansthe whole graph:
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‘Jarn k: Find T's safeedgeand add it to T.‘

Jarn k's algarithm run on the examplegraph, starting with the bottom vertex.
At eachstage, thick edgesare in T, an arrow points along T's safeedge,and dashededgesare useless.

To implement Jarn k's algorithm, we keep all the edgesadjacert to T in a heap. When we
pull the minimum-weight edgeo the heap,we rst chedk whether both of its endpoints arein T.
If not, we add the edgeto T and then add the new neighboring edgesto the heap. In other
words, Jarn k's algorithm is just another instance of the genericgraph traversal algorithm we sav
last time, using a heap as the “bag'! If we implement the algorithm this way, its running time is
O(E logE) = O(E log V).

Howewer, we can speedup the implementation by observingthat the graph traversal algorithm
visits ead vertex only once. Rather than keepingedgesin the heap, we can keepa heap of vertices,
where the key of eat vertex v is the length of the minimum-weight edgebetweenv and T (or 1
if there is no such edge). Each time we add a new edgeto T, we may needto decreasethe key of
someneighboring vertices.

To make the description easier,we break the algorithm into two parts. Jarn Kkinit initializes
the vertex heap. Jarn kLoop is the main algorithm. The input consistsof the vertices and edges
of the graph, plus the start vertex s.

Jarn k(V;E;s):
Jarn Kkinit (V;E;s)
Jarn kLoop (V;E;s)

Jarn Kkinit (V;E;s): Jarn KkLoop (V;E;s):
for eadh vertex v 2 V nfsg T (fsg;?)

if (v;s)2 E fori ltojv) 1
edge{) (v;s) v Extra ctMin
key(v)  w(v;s) add v and edgef) to T

else for eath edge(u;v) 2 E
edgef) Null if uzT and key(u) > w(u;V)
key(v) 1 edge() (u;v)

Inser t (v) DecreaseKey (u;w(u;V))




CSs 373 Lecture 13: Minim um Spanning Trees Fall 2002

The running time of Jarn k is dominated by the costof the heapoperationsinser t , Extra ct-
Min , and DecreaseKey . Insert and Extra ctMin are ead called O(V) times once for eah
vertex except s, and DecreaseKey is called O(E) times, at most twice for ead edge. If we use
a Fibonacci heap, the amortized costs of Inser t and DecreaseKey is O(1), and the amortized
cost of Extra ctMin is O(logn). Thus, the overall running time of Jarn k is‘O(E + VlogV) ‘

This is faster than Boruvka's algorithm unless = O(V).

13.5 Krusk al's Algorithm

The last minimum spanningtree algorithm [I'll discusswas discovered by Kruskal in 1956.

Kr uskal : Scanall edgesin increasingweight order; if an edgeis safe,add it to F.

Since we examine the edgesin order from lightest to heaviest, any edgewe examine is safeif
and only if its endpoints are in di erent componerts of the forest F. To prove this, supposethe
edgee joins two componerts A and B but is not safe. Then there would be a lighter edgee® with
exactly one endpoint in A. But this is impossible,because(inductiv ely) any previously examined
edgehas both endpoints in the samecomponert of F.

Kruskal's algarithm run on the examplegraph. Thick edgesare in F. Dashededgesare useless.

Just asin Boruvka's algorithm, ead componert of F has a “leader node. An edgejoins two
componerts of F if and only if the two endpoints have di erent leaders. But unlike Boruvka's
algorithm, we do not recompute leadersfrom scratch every time we add an edge. Instead, when
two componerts are joined, the two leadersduke it out in a nationally-televised no-holds-barred
steel-cagegrudge match.® One of the two emergesvictorious as the leader of the new larger
componert. More formally, we will useour earlier algorithms for the Union-Find problem, where
the verticesare the elemeris and the componeris of F are the sets. Here'sa more formal description
of the algorithm:

3Live at the Assenbly Halll Only $49.950n Pay-Per-View!
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Kr uskal (V;E):
sort E by wieght
F 2
for ead vertexv2 V
MakeSet (v)

fori 1to jE]j
(u;v)  ith lightest edgein E
if Find (u) 6 Find (v)
Union (u; V)
add (u;v) to F

return F

In our case,the sets are componerts of F, and n = V. Kruskal's algorithm performs O(E)
Find operations, two for ead edgein the graph, and O(V) Union operations, one for ead edgein
the minimum spanningtree. Using union-by-rank and path compressionallows us to perform eat
Union or Find in O( (E;V)) time, where is the not-quite-constant inverse-A&kerman function.
Soignoring the cost of sorting the edges,the running time of this algorithm is O(E (E;V)).

We need O(E logE) = O(E logV) additional time just to sort the edges. Since this is bigger
than the time for the Union-Find data structure, the overall running time of Kruskal's algorithm
is , exactly the same as Boruvka's algorithm, or Jarn k's algorithm with a normal

(non-Fibonacci) heap.



