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Math classis tough!

| TeenTalk Barbie (1992)

That's why I like it!

| What sheshouldhavesaid next

The Manhattan-basedBarbie Liberation Organizationclaimsto haveperformed corrective surgery
on 300 Teen Talk Barbies and Talking Duke G.I. Joes|switching their soundchips, repackaging
the toys, and returning them to store shelves. Consumersreported their amazementat hearing
Barbie bellow, `Eat lead, Cobra!' or `Vengeanceis mine!,' while Joe chirped, `Will we ever have
enoughclothes?' and `Let's plan our dream wedding!'

| Mark Dery, \Hacking Barbie's Voice Box: Vengeanceis Mine!", New Media (May 1994)

16 NP-Hard Problems (Decem ber 3 and 5)

16.1 `E�cien t' Problems

A long time ago1, theoretical computer scientists like Steve Cook and Dick Karp decided that a
minimum requirement of any e�cien t algorithm is that it runs in polynomial time: O(n c) for some
constant c. People recognizedearly on that not all problems can be solved this quickly, but we
had a hard time �guring out exactly which onescould and which onescouldn't. So Cook, Karp,
and others, de�ned the classof NP-hard problems, which most peoplebelieve cannot be solved in
polynomial time, even though nobody can prove a super-polynomial lower bound.

Circuit satis�ability is a good example of a problem that we don't know how to solve in poly-
nomial time. In this problem, the input is a boolean circuit : a collection of and, or, and not gates
connectedby wires. We will assumethat there are no loops in the circuit (so no delay lines or

ip-
ops). The input to the circuit is a set of m boolean(true/false) valuesx 1; : : : ; xm . The output
is a single boolean value. Given speci�c input values, we can calculate the output in polynomial
(actually, linear ) time using depth-�rst-search and evaluating the output of each gate in constant
time.

The circuit satis�abilit y problem asks,given a circuit, whether there is an input that makesthe
circuit output Tr ue, or conversely, whether the circuit always outputs False . Nobody knows how
to solve this problem faster than just trying all 2m possibleinputs to the circuit, but this requires
exponential time. On the other hand, nobody has ever proved that this is the best we can do;
maybe there's a clever algorithm that nobody has discovered yet!
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An and gate, an or gate, and a not gate.
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A boolean circuit. Inputs enter from the left, and the output leavesto the right.

1 . . . in a galaxy far far away . . .
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16.2 P, NP , and co-NP

Let me de�ne three classesof problems:

� P is the set of yes/no problems2 that can be solved in polynomial time. Intuitiv ely, P is the
set of problems that can be solved quickly.

� NP is the set of yes/no problemswith the following property: If the answer is yes,then there
is a proof of this fact that can be checked in polynomial time. Intuitiv ely, NP is the set of
problems where we can verify a Yes answer quickly if we have the solution in front of us.
For example, the circuit satis�abilit y problem is in NP. If the answer is yes, then any set of
m input valuesthat producesTr ue output is a proof of this fact; we can check the proof by
evaluating the circuit in polynomial time.

� co-NP is the exact opposite of NP. If the answer to a problem in co-NP is no, then there is
a proof of this fact that can be checked in polynomial time.

If a problem is in P, then it is also in NP | to verify that the answer is yesin polynomial time,
we can just throw away the proof and recompute the answer from scratch. Similarly, any problem
in P is also in co-NP.

The (or at least, a) central question in theoretical computer scienceis whether or not P=NP .
Nobody knows. Intuitiv ely, it should be obvious that P6=NP; the homeworks and exams in this
classhave (I hope) convinced you that problems can be incredibly hard to solve, even when the
solutions are obvious onceyou seethem. But nobody can prove it.

Notice that the de�nition of NP (and co-NP) is not symmetric. Just becausewe can verify
every yes answer quickly, we may not be able to check no answers quickly, and vice versa. For
example, as far as we know, there is no short proof that a boolean circuit is not satis�able. But
again, we don't have a proof; everyone believes that NP6=co-NP, but nobody really knows.

P

NPco-NP

What we think the world looks like.

16.3 NP-hard, NP-easy , and NP-complete

A problem � is NP-hard if a polynomial-time algorithm for � would imply a polynomial-time
algorithm for every problem in NP. In other words:

� is NP-hard ( ) If � can be solved in polynomial time, then P=NP

Intuitiv ely, this is like saying that if we could solve one particular NP-hard problem quickly, then
we could quickly solve any problem whosesolution is easyto understand, using the solution to that
onespecial problem as a subroutine. NP-hard problemsare at least as hard as any problem in NP.

2Technically, I should be talking about languages, which are just sets of bit strings. The languageassociated with
a yes/no problem is the set of bit strings for which the answer is yes. For example, if the problem is `Is the input
graph connected?', then the corresponding language is the set of connected graphs, where each graph is represented
as a bit string (for example, its adjacency matrix). P is the set of languagesthat can be recognized in polynomial
time by a single-tape Turing machine. Take 375 if you want to know more.
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Saying that a problem is NP-hard is like saying `If I own a dog, then it can speak
uen t English.'
You probably don't know whether or not I own a dog, but you're probably prett y sure that I don't
own a talking dog. Nobody has a mathematical proof that dogs can't speak English|the fact
that no one has ever heard a dog speak English is evidence,as are the hundreds of examinations
of dogs that lacked the proper mouth shape and brainpower, but mere evidence is not a proof.
Nevertheless,no saneperson would believe me if I said I owned a dog that spoke 
uen t English.
So the statement `If I own a dog, then it can speak 
uen t English' has a natural corollary: No one
in their right mind should believe that I own a dog! Likewise,if a problem is NP-hard, no one in
their right mind should believe it can be solved in polynomial time.

The following theorem was proved by Steve Cook in 1971. I won't even sketch the proof (since
I'v e been deliberately vague about the de�nitions). If you want more details, take CS 375 next
semester.

Co ok's Theorem. Circuit satis�abilit y is NP-hard.

Finally, a problem is NP-complete if it is both NP-hard and an element of NP (`NP-easy').
NP-completeproblemsare the hardest problemsin NP. If anyone�nds a polynomial-time algorithm
for even one NP-complete problem, then that would imply a polynomial-time algorithm for every
NP-complete problem. Literally thousandsof problems have beenshown to be NP-complete, so a
polynomial-time algorithm for one (i.e., all) of them seemsincredibly unlikely.

P

co-NP

NP-hard

NP
NP-complete

More of what we think the world looks like.

16.4 Reductions (again) and SAT

To prove that a problem is NP-hard, we usea reduction argument, exactly like we're trying to prove
a lower bound. So we can usea special caseof that statement about reductions the you tatto oed
on the back of your hand last time.

To pro ve that problem A is NP-hard, reduce a kno wn NP-hard problem to A .

For example,considerthe formula satis�ability problem, usually just called SAT. The input to
SAT is a boolean formula like

(a _ b_ c _ �d) , ((b^ �c) _ (�a ) d) _ (c 6= a ^ b)) ;

and the question is whether it is possibleto assignbooleanvaluesto the variablesa;b;c;: : : so that
the formula evaluates to Tr ue.

To show that SAT is NP-hard, we need to give a reduction from a known NP-hard problem.
The only problem we know is NP-hard so far is circuit satis�abilit y, so let's start there. Given a
boolean circuit, we can transform it into a boolean formula by creating new output variables for
each gate, and then just writing down the list of gates separatedby and. For example, we could
transform the examplecircuit into a formula as follows:
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x1

x2

x3
x4

x5

y1

y2
y3

y4

y5

y6

y7
y8

(y1 = x1 ^ x4) ^ (y2 = x4) ^ (y3 = x3 ^ y2) ^ (y4 = y1 _ x2) ^

(y5 = x2) ^ (y6 = x5) ^ (y7 = y3 _ y5) ^ (y8 = y4 ^ y7 ^ y6) ^ y8

A booleancircuit with gate variablesadded,and an equivalentboolean formula.

Now the original circuit is satis�able if and only if the resulting formula is satis�able. Given a
satisfying input to the circuit, we can get a satisfying assignment for the formula by computing the
output of every gate. Given a satisfying assignment for the formula, we can get a satisfying input
the the circuit by just ignoring the gate variables yi .

We can transform any booleancircuit into a formula in linear time using depth-�rst search, and
the sizeof the resulting formula is only a constant factor larger than the sizeof the circuit. Thus,
we have a polynomial-time reduction from circuit satis�abilit y to SAT:

boolean circuit
O(n)

� � � ! boolean formula
w
w
• SAT

Tr ue or False
trivial

 � � � Tr ue or False

TCSAT (n) � O(n) + TSAT (O(n)) =) TSAT (n) � TCSAT (
( n)) � O(n)

The reduction implies that if we had a polynomial-time algorithm for SAT, then we'd have a
polynomial-time algorithm for circuit satis�abilit y, which would imply that P=NP . So SAT is NP-
hard.

To prove that a boolean formula is satis�able, we only have to specify an assignment to the
variables that makes the formula true. We can check the proof in linear time just by reading
the formula from left to right, evaluating as we go. So SAT is also in NP, and thus is actually
NP-complete.

16.5 3SAT

A specialcaseof SAT that is incredibly useful in proving NP-hardnessresults is 3SAT (or as[CLRS]
insists on calling it, 3-CNF-SAT ).

A boolean formula is in conjunctive normal form (CNF) if it is a conjunction (and ) of several
clauses, each of which is the disjunction (or ) of several literals, each of which is either a variable
or its negation. For example:

clause
z }| {
(a _ b_ c _ d) ^ (b_ �c _ �d) ^ (�a _ c _ d) ^ (a _ �b)

A 3CNF formula is a CNF formula with exactly three literals per clause;the previous example is
not a 3CNF formula, since its �rst clausehas four literals and its last clausehas only two. 3SAT
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is just SAT restricted to 3CNF formulas | given a 3CNF formula, is there an assignment to the
variables that makesthe formula evaluate to true?

We could prove that 3SAT is NP-hard by a reduction from the more general SAT problem,
but it's easierjust to start over from scratch, with a boolean circuit. We perform the reduction in
several stages.

1. Make sure every and and or gate has only two inputs. If any gate has k > 2 inputs, replace
it with a binary tree of k � 1 two-input gates.

2. Write down the circuit as a formula, with one clause per gate. This is just the previous
reduction.

3. Changeevery gate clauseinto a CNF formula. There are only three typesof clauses,one for
each type of gate:

a = b^ c 7�! (a _ �b_ �c) ^ (�a _ b) ^ (�a _ c)

a = b_ c 7�! (�a _ b_ c) ^ (a _ �b) ^ (a _ �c)

a = �b 7�! (a _ b) ^ (�a _ �b)

4. Make sure every clausehas exactly three literals. Introduce new variables into each one- and
two-literal clause,and expand it into two clausesas follows:

a 7�! (a _ x _ y) ^ (a _ �x _ y) ^ (a _ x _ �y) ^ (a _ �x _ �y)

a _ b 7�! (a _ b_ x) ^ (a _ b_ �x)

For example, if we start with the sameexamplecircuit we usedearlier, we obtain the following
3CNF formula. Although this may look a lot more ugly and complicated than the original circuit
at �rst glance, it's actually only a constant factor larger. Even if the formula were larger than the
circuit by a polynomial, like n373, we would have a valid reduction.

(y1 _ x1 _ x4) ^ (y1 _ x1 _ z1) ^ (y1 _ x1 _ z1) ^ (y1 _ x4 _ z2) ^ (y1 _ x4 _ z2)

^ (y2 _ x4 _ z3) ^ (y2 _ x4 _ z3) ^ (y2 _ x4 _ z4) ^ (y2 _ x4 _ z4)

^ (y3 _ x3 _ y2) ^ (y3 _ x3 _ z5) ^ (y3 _ x3 _ z5) ^ (y3 _ y2 _ z6) ^ (y3 _ y2 _ z6)

^ (y4 _ y1 _ x2) ^ (y4 _ x2 _ z7) ^ (y4 _ x2 _ z7) ^ (y4 _ y1 _ z8) ^ (y4 _ y1 _ z8)

^ (y5 _ x2 _ z9) ^ (y5 _ x2 _ z9) ^ (y5 _ x2 _ z10) ^ (y5 _ x2 _ z10)

^ (y6 _ x5 _ z11) ^ (y6 _ x5 _ z11) ^ (y6 _ x5 _ z12) ^ (y6 _ x5 _ z12)

^ (y7 _ y3 _ y5) ^ (y7 _ y3 _ z13) ^ (y7 _ y3 _ z13) ^ (y7 _ y5 _ z14) ^ (y7 _ y5 _ z14)

^ (y8 _ y4 _ y7) ^ (y8 _ y4 _ z15) ^ (y8 _ y4 _ z15) ^ (y8 _ y7 _ z16) ^ (y8 _ y7 _ z16)

^ (y9 _ y8 _ y6) ^ (y9 _ y8 _ z17) ^ (y9 _ y8 _ z17) ^ (y9 _ y6 _ z18) ^ (y9 _ y6 _ z18)

^ (y9 _ z19 _ z20) ^ (y9 _ z19 _ z20) ^ (y9 _ z19 _ z20) ^ (y9 _ z19 _ z20)

At the end of this process,we've transformed the circuit into an equivalent 3CNF formula.
The formula is satis�able if and only if the original circuit is satis�able. As with the more general
SAT problem, the formula is only a constant factor larger than then any reasonabledescription
of the original circuit, and the reduction can be carried out in polynomial time. Thus, we have a
polynomial-time reduction from circuit satis�abilit y to 3SAT:
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boolean circuit
O(n)

� � � ! 3CNF formula
w
w
• 3SAT

Tr ue or False
trivial

 � � � Tr ue or False

TCSAT (n) � O(n) + T3SAT (O(n)) =) T3SAT (n) � TCSAT (
( n)) � O(n)

So 3SAT is NP-hard.
Finally, since3SAT is a special caseof SAT, it is also in NP, so 3SAT is NP-complete.

16.6 Maxim um Clique Size (from 3SAT)

The last problem I'll consider in this lecture is a graph problem. A clique is another name for a
complete graph. The maximum clique size problem, or simply MaxClique , is to compute, given
a graph, the number of nodes in its largest complete subgraph.

A graph with maximum clique size4.

I'll prove that MaxClique is NP-hard (but not NP-complete, sinceit isn't a yes/no problem)
using a reduction from 3SAT. I'll describe a reduction algorithm that transforms a 3CNF formula
into a graph that has a clique of a certain size if and only if the formula is satis�able.

The graph hasonenodefor each instanceof each literal in the formula. Two nodesareconnected
by an edge if (1) they correspond to literals in di�eren t clausesand (2) those literals do not
contradict each other. In particular, all the nodes that come from the same literal (in di�eren t
clauses)are joined by edges.For example,the formula (a_ b_ c) ^ (b_ �c_ �d) ^ (�a_ c_ d) ^ (a_ �b_ �d)
is transformed into the following graph. (Look for the edgesthat aren't in the graph.)

a b c

a

b

d

b

c

d

a dc

A graph derivedfrom a 3CNF formula, and a clique of size4.

Now supposethe original formula had k clauses.Then I claim that the formula is satis�able if
and only if the graph has a clique of sizek.
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1. k -clique =) satisfying assignmen t: If the graph has a clique of k vertices, then each
vertex must comefrom a di�eren t clause. To get the satisfying assignment, we declare that
each literal in the clique is true. Sincewe only connectnon-contradictory literals with edges,
this declaration assignsa consistent value to several of the variables. There may be variables
that have no literal in the clique; we can set theseto any value we like.

2. satisfying assignmen t =) k -clique: If we have a satisfying assignment, then we can
chooseone literal in each clausethat is true. Those literals form a clique in the graph.

Thus, the reduction is correct. Since the reduction from 3CNF formula to graph can be done in
polynomial time, so MaxClique is NP-hard. Here's a diagram of the reduction:

3CNF formula with k clauses
O(n)

� � � ! graph with 3k nodes
w
w
• Clique

Tr ue or False
O(1)

 � � � maximum clique size

T3SAT (n) � O(n) + TMaxClique (O(n)) =) TMaxClique (n) � T3SAT (
( n)) � O(n)

16.7 Indep endent Set (from Clique)

An independent set is a collection of vertices is a graph with no edgesbetween them. The Inde-
pendentSet problem is to �nd the largest independent set in a given graph.

There is an easy proof that IndependentSet is NP-hard, using a reduction from Clique .
Any graph G has a complement G with the same vertices, but with exactly the opposite set of
edges|( u; v) is an edgein G if and only if it is not an edgein G. A set of vertices forms a clique in
G if and only if the samevertices are an independent set in G. Thus, we can compute the largest
clique in a graph simply by computing the largest independent set in the complement of the graph.

graph G
O(n)

� � � ! complement graph G
w
w
• IndependentSet

largest clique
trivial
 � � � largest independent set

16.8 Vertex Cover (from Indep endent Set)

A vertex cover of a graph is a set of vertices that touches every edgein the graph. The Ver tex-
Cover problem is to �nd the smallest vertex cover in a given graph.

Again, the proof of NP-hardnessis simple, and relies on just one fact: If I is an independent
set in a graph G = (V; E), then V n I is a vertex cover. Thus, to �nd the largest independent set,
we just needto �nd the vertices that aren't in the smallest vertex cover of the samegraph.

graph G = (V; E)
trivial

� � � ! graph G = (V; E)
w
w
• Ver texCo ver

largest independent set V n S
O(n)

 � � � smallest vertex cover S
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16.9 Graph Coloring (from 3SAT)

A c-coloring of a graph is a map C : V ! f 1; 2; : : : ; cg that assignsone of c `colors' to each vertex,
so that every edgehas two di�eren t colors at its endpoints. The graph coloring problem is to �nd
the smallest possiblenumber of colors in a legal coloring. To show that this problem is NP-hard,
it's enoughto consider the special case3Colorable : Given a graph, doesit have a 3-coloring?

To prove that 3Colorable is NP-hard, we usea reduction from 3sat . Given a 3CNF formula,
we produce a graph as follows. The graph consistsof a truth gadget, one variable gadget for each
variable in the formula, and one clause gadget for each clausein the formula.

The truth gadget is just a triangle with three vertices T, F , and X , which intuitiv ely stand for
Tr ue, f alse , and other . Sincetheseverticesare all connected,they must have di�eren t colors in
any 3-coloring. For the sake of convenience,we will name those colors Tr ue, False , and Other .
Thus, when we say that a node is colored Tr ue, all we mean is that it must be colored the same
as the node T.

The variable gadget for a variable a is also a triangle joining two new nodeslabeled a and a to
node X in the truth gadget. Node a must be colored either Tr ue or False , and so node a must
be colored either False or Tr ue, respectively.

Finally, each clausegadget joins three literal nodesto node T in the truth gadgetusing �v e new
unlabeled nodesand ten edges;seethe �gure below. If all three literal nodes in the clausegadget
are colored False , then the rightmost vertex in the gadget cannot have one of the three colors.
Sincethe variable gadgetsforce each literal node to be colored either Tr ue or False , in any valid
3-coloring, at least one of the three literal nodes is colored Tr ue. I need to emphasizehere that
the �nal graph contains only one node T, only one node F , only one node �a for each variable a,
and so on.

X

T F

X

a a

a

b

c

T

Gadgetsfor the reduction from 3SAT to 3-Colorability:
The truth gadget, a variable gadget for a, and a clausegadget for (a _ b_ �c).

The proof of correctnessis just brute force. If the graph is 3-colorable, then we can extract a
satisfying assignment from any 3-coloring|at least one of the three literal nodes in every clause
gadget is colored Tr ue. Conversely, if the formula is satis�able, then we can color the graph
according to any satisfying assignment.

3CNF formula
O(n)

� � � ! graph
w
w
• 3Colorable

Tr ue or False
trivial

 � � � Tr ue or False

For example, the formula (a_ b_ c) ^ (b_ �c_ �d) ^ (�a _ c_ d) ^ (a_ �b_ �d) that I usedto illustrate
the MaxClique reduction would be transformed into the following graph. The 3-coloring is one
of several that correspond to the satisfying assignment a = c = Tr ue, b = d = False .
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d

X

ca b

T

a b c d

F

A 3-colorable graph derivedfrom a satis�able 3CNF formula.

We can easily verify that a graph has beencorrectly 3-coloredin linear time: just comparethe
endpoints of every edge. Thus, 3Coloring is in NP, and therefore NP-complete. Moreover, since
3Coloring is a special caseof the more generalgraph coloring problem|What is the minimum
number of colors?|the more problem is also NP-hard, but not NP-complete, becauseit's not a
yes/no problem.

16.10 Hamiltonian Cycle (from Vertex Cover)

A Hamiltonian cycle is a graph is a cycle that visits every vertex exactly once. This is very
di�eren t from an Eulerian cycle, which is actually a closedwalk that traversesevery edge exactly
once. Eulerian cycles are easy to �nd and construct in linear time using a variant of depth-�rst
search. Finding Hamiltonian cycles,on the other hand, is NP-hard.

To prove this, we use a reduction from the vertex cover problem. Given a graph G and an
integer k, we need to transform it into another graph G0, such that G0 has a Hamiltonian cycle if
and only if G hasa vertex cover of sizek. As usual, our transformation consistsof putting together
several gadgets.

� For each edge (u; v) in G, we have an edge gadget in G0 consisting of twelve vertices and
fourteen edges,as shown below. The four corner vertices (u; v; 1), (u; v; 6), (v; u; 1), and
(v; u; 6) each have an edgeleaving the gadget. A Hamiltonian cycle can only pass through
an edgegadget in one of three ways. Eventually, thesewill correspond to one or both of the
vertices u and v being in the vertex cover.

(u,v,1) (u,v,6)(u,v,2) (u,v,3) (u,v,4) (u,v,5)

(v,u,1) (v,u,2) (v,u,3) (v,u,4) (v,u,5) (v,u,6)

An edgegadget for (u; v) and the only possibleHamiltonian paths through it.

9



CS 373 Lecture 16: NP-Hard Problems Fall 2002

� G0 also contains k cover vertices, simply numbered 1 through k.

� Finally, for each vertex u in G, we string together all the edge gadgets for edges(u; v)
into a single vertex chain, and then connect the ends of the chain to all the cover vertices.
Speci�cally , suppose u has d neighbors v1; v2; : : : ; vd. Then G0 has d � 1 edgesbetween
(u; vi ; 6) and (u; vi +1 ; 1), plus k edgesbetween the cover vertices and (u; v1; 1), and �nally k
edgesbetweenthe cover vertices and (u; vd; 6).

(v,w)

(w,v)

(v,x)

(x,v)

(v,y)

(y,v)

1

2

3

. . .

k

(v,z)

(z,v)

The vertex chain for v: all edgegadgetsinvolving v are strung together and joined to the k cover vertices.

It's not hard to prove that if f v1; v2; : : : ; vkg is a vertex cover of G, then G0 has a Hamiltonian
cycle|start at cover vertex 1, through traversethe vertex chain for v1, then visit cover vertex 2, then
traversethe vertex chain for v2, and so forth, eventually returning to cover vertex 1. Conversely,
any Hamiltonian cycle in G0 alternates between cover vertices and vertex chains, and the vertex
chains correspond to the k vertices in a vertex cover of G. (This is a little harder to prove.) Thus,
G has a vertex cover of sizek if and only if G0 has a Hamiltonian cycle.

1

2

u v

w x

(v,x)

(x,v)

(u,v)

(v,u)

(u,w)

(w,u)

(v,w)

(w,v)

(x,w)

(w,x)

The original graph G with vertex cover f v; wg, and the transformed graph G0 with a corresponding Hamiltonian cycle.
Vertex chainsare colored to match their corresponding vertices.

The transformation from G to G0 takesat most O(n2) time, sothe Hamiltonian cycleproblem is
NP-hard. Moreover, sincewe can easily verify a Hamiltonian cycle in linear time, the Hamiltonian
cycle problem is in NP, and therefore NP-complete.
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A closely related problem to Hamiltonian cycles is the famous traveling salesmanproblem|
Given a weighted graph G, �nd the shortest cycle that visits every vertex. Finding the shortest
cycle is obviously harder than determining if a cycleexists at all, so the traveling salesmanproblem
is also NP-hard.

16.11 Minesw eeper (from Circuit SAT)

In 1999,Richard Kaye proved that the solitaire gameMinesweeper is NP-complete, using a reduc-
tion from the original circuit satis�abilit y problem.3 The reduction involvessetting up gadgetsfor
every possiblefeatureof a booleancircuit: wires,and gates,or gates,not gates,wire crossings,and
soforth. For all the gory details, seehttp://www.mat.bham.ac.uk/R.W.Ka ye/minesw/minesw.pdf !

16.12 Other Useful NP-hard Problems

Literally thousands of di�eren t problems have been proved to be NP-hard. I want to close this
note by listing a few NP-hard problems that are useful in deriving reductions. I won't describe the
NP-hardnessfor theseproblems,but you can �nd them in Garey and Johnson'sAngry Black Book
of NP-Completeness.4

� PlanarCir cuitSA T : Given a boolean circuit that can be embedded in the plane so that
no two wires cross, is there an input that makes the circuit output Tr ue? This can be
proved NP-hard by reduction from the general circuit satis�abilit y problem, by replacing
each crossingwith a small seriesof gates. (This is an easyexercise.)

� NotAllEqual3SA T : Given a 3CNF formula, is there an assignment of values to the vari-
ablesso that every clausecontains at least one true literal and at least one falseliteral? This
can be proved NP-hard by reduction from the usual 3SAT.

� Planar3SA T : Given a 3CNF booleanformula, considera bipartite graph whoseverticesare
the clausesand variables,wherean edgeindicates that a variable (or its negation) appearsin
a clause. If this graph is planar, the 3CNF formula is also called planar. The Planar3SA T
problem asks,given a planar 3CNF formula, whether it has a satifying assignment. This can
be proven NP-hard by reduction from PlanarSa t .

� PlanarNotAllEqual3SA T : You get the idea.

� Exa ct3DimensionalMa tching or X3M : Given a set S and a collection of three-element
subsetsof S, called triples, is there a subcollection of disjoint triples that exactly cover S?
This can be proved NP-hard by a reduction from 3SAT.

� Par tition : Given a set S of n integers, are there subsetsA and B such that A [ B = S,
A \ B = ? , and X

a2 A

a =
X

b2 B

b?

This can be proved NP-hard by a reduction from. . .

3Minesweeper is NP-complete. Mathematical Intelligencer 22(2):9{15, 2000.
4Michael Garey and David Johnson. Computers and Intractabilit y: A Guide to the Theory of NP-Completeness.

W. H. Freeman and Co., 1979.
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� SubsetSum : Given a set S of n integersand an integer T, is there a subsetA � S such that
X

a2 A

a = S?

This is a generalizationof Par tition , whereT = (
P

S)=2. SubsetSum can proved NP-hard
by a (nontrivial!) reduction from either 3SAT or X3M.

� 3Par tition : Given a set S with 3n elements, can it be partitioned into n disjoint subsets,
each with 3 elements, such that every subset has the same sum. Note that this is very
di�eren t from the Par tition problem; I didn't make up the names. This can be proved NP-
hard by reduction from X3M. The similar problem of dividing a set of 2n into n equal-weight
two-element setscan be solved in O(n logn) time.

� SetCo ver : Given a collection of setsS = f S1; S2; : : : ; Sm g, �nd the smallestsubcollection of
Si 's that contains all the elements of

S
i Si . This is a generalization of both Ver texCo ver

and X3M.

� HittingSet : Given a collection of sets S = f S1; S2; : : : ; Sm g, �nd the minimum number of
elements of

S
i Si that hit every set in S. This is also a generalization of Ver texCo ver .

� LongestP ath : Given a non-negatively weighted graph G and two vertices u and v, what is
the longest simple path from u to v in the graph? A path is simple if it visits each vertex
at most once. This is a generalization of the Hamil tonianP ath problem. Of course, the
corresoindingshortest path problem is in P.

� SteinerTree : Given a weighted, undirected graph G with someof the verticesmarked, what
is the minimum-weight subtree of G that contains every marked vertex? If every vertex is
marked, the minimum Steiner tree is just the minimum spanning tree; if exactly two vertices
are marked, the minimum Steiner tree is just the shortest path between them. This can be
proved NP-hard by reduction to Hamil tonianP ath .

� Tetris : Given a Tetris board and a �nite sequenceof future pieces,can you survive? This
was recently proved NP-hard by reduction from 3Par tition .
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