
CS 373 Notes on Solving Recurrence Relations

1 Fun with Fib onacci num bers

Consider the reproductive cycle of bees. Each male bee has a mother but no father; each female
beehasboth a mother and a father. If we examinethe generationswe seethe following family tree:
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We easily seethat the number of ancestorsin each generation is the sum of the two numbers
before it. For example, our male bee has three great-grandparents, two grandparents, and one
parent, and 3 = 2 + 1. The number of ancestorsa bee has in generation n is de�ned by the
Fibonacci sequence;we can also seethis by applying the rule of sum.

As a secondexample,consider light entering two adjacent planesof glass:

At any meeting surface (between the two panesof glass,or between the glassand air), the light
may either re
ect or continue straight through (refract). For example, here is the light bouncing
seven times before it leaves the glass.

In general,how many di�eren t paths can the light take if we are told that it bouncesn times before
leaving the glass?

The answer to the question (in caseyou haven't guessed)rests with the Fibonacci sequence.
We can apply the rule of sum to the event E constituting all paths through the glassin n bounces.
We generatetwo separatesub-events, E1 and E2, illustrated in the following picture.
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� Sub-ev ent E1 : Let E1 be the event that the �rst bounce is not at the boundary between
the two panes. In this case,the light must �rst bounceo� the bottom pane, or elsewe are
dealing with the caseof having zero bounces(there is only one way to have zero bounces).
However, the number of remaining paths after bouncing o� the bottom pane is the sameas
the number of paths entering through the bottom pane and bouncing n � 1 bouncesmore.
Entering through the bottom pane is the sameas entering through the top pane (but 
ipp ed
over), so E1 is the number of paths of light bouncing n � 1 times.

� Sub-ev ent E2 : Let E2 be the event that the �rst bounce is on the boundary between the
two panes. In this case,we consider the two options for the light after the �rst bounce: it
can either leave the glass(in which casewe are dealing with the caseof having one bounce,
and there is only one way for the light to bounceonce) or it can bounceyet again on the top
of the upper pane, in which caseit is equivalent to the light entering from the top with n � 2
bouncesto take along its path.

By the rule of sum, we thus get the following recurrencerelation for Fn , the number of paths
in which the light can travel with exactly n bounces. There is exactly one way for the light to
travel with no bounces|straigh t through|and exactly two ways for the light to travel with only
one bounce|o� the bottom and o� the middle. For any n > 1, there are Fn� 1 paths where the
light bounceso� the bottom of the glass,and Fn� 2 paths where the light bounceso� the middle
and then o� the top.

F0 = 1

F1 = 2

Fn = Fn� 1 + Fn� 2

Stump a professor

What is the recurrencerelation for three panesof glass?This questiononcestumpedan anonymous
professor1 in a sciencediscipline, but now you should be able to solve it with a bit of e�ort. Aren't
you proud of your knowledge?

1Not me! |Je�
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2 Sequences, sequence operators, and annihilators

We have shown that several di�eren t problems can be expressedin terms of Fibonacci sequences,
but we don't yet know how to explicitly compute the nth Fibonacci number, or even (and more
importantly) roughly how big it is. We can easily write a program to compute the n th Fibonacci
number, but that doesn't help us much here. What we really want is a closed form solution for the
Fibonacci recurrence|an explicit algebraic formula without conditionals, loops, or recursion.

In order to solve recurrenceslike the Fibonaccirecurrence,we�rst needto understandoperations
on in�nite sequencesof numbers. Although these sequencesare formally de�ned as functions of
the form A : IN ! IR, we will write them either as A = ha0; a1; a2; a3; a4; : : :i when we want to
emphasizethe entire sequence2, or as A = hai i when we want to emphasizea genericelement. For
example, the Fibonacci sequenceis h0; 1; 1; 2; 3; 5; 8; 13; 21; : : :i .

We can naturally de�ne several sequenceoperators:

� We can add or subtract any two sequences:

hai i + hbi i = ha0; a1; a2; : : :i + hb0; b1; b2; : : :i = ha0 + b0; a1 + b1; a2 + b2; : : :i = hai + bi i

hai i � hbi i = ha0; a1; a2; : : :i � hb0; b1; b2; : : :i = ha0 � b0; a1 � b1; a2 � b2; : : :i = hai � bi i

� We can multiply any sequenceby a constant:

c � hai i = c � ha0; a1; a2; : : :i = hc � a0; c � a1; c � a2; : : :i = hc � ai i

� We can shift any sequenceto the left by removing its initial element:

Ehai i = Eha0; a1; a2; a3; : : :i = ha1; a2; a3; a4; : : :i = hai +1 i

Example: We can understand theseoperators better by looking at somespeci�c examples,using
the sequenceT of powers of two.

T = h20; 21; 22; 23; : : :i = h2i i

ET = h21; 22; 23; 24; : : :i = h2i +1 i

2T = h2 � 20; 2 � 21; 2 � 22; 2 � 23; : : :i = h21; 22; 23; 24; : : :i = h2i +1 i

2T � ET = h21 � 21; 22 � 22; 23 � 23; 24 � 24; : : :i = h0; 0; 0; 0; : : :i = h0i

2.1 Prop erties of operators

It turns out that the distributiv e property holds for theseoperators, so we can rewrite ET � 2T as
(E � 2)T. Since(E � 2)T = h0; 0; 0; 0; : : :i , we say that the operator (E � 2) annihilates T, and we
call (E � 2) an annihilator of T. Obviously, we can trivially annihilate any sequenceby multiplying
it by zero, so as a technical matter, we do not considermultiplication by 0 to be an annihilator.

What happenswhen we apply the operator (E � 3) to our sequenceT?

(E � 3)T = ET � 3T = h2i +1 i � 3h2i i = h2i +1 � 3 � 2i i = h� 2i i = � T

The operator (E � 3) did very little to our sequenceT; it just 
ipp ed the sign of each number in
the sequence.In fact, we will soon seethat only (E � 2) will annihilate T, and all other simple

2 It really doesn't matter whether we start a sequencewith a0 or a1 or a5 or even a� 17 . Zero is often a convenient
starting point for many recursively de�ned sequences,so we'll usually start there.
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operators will a�ect T in very minor ways. Thus, if we know how to annihilate the sequence,we
know what the sequencemust look like.

In general,(E � c) annihilates any geometric sequenceA = ha0; a0c;a0c2; a0c3; : : :i = ha0ci i :

(E � c)ha0ci i = Eha0ci i � cha0ci i = ha0ci +1 i � hc � a0ci i = ha0ci +1 � a0ci +1 i = h0i

To seethat this is the only operator of this form that annihilates A, let's seethe e�ect of operator
(E � d) for somed 6= c:

(E � d)ha0ci i = Eha0ci i � dha0ci i = ha0ci +1 � da0ci i = h(c � d)a0ci i = (c � d)ha0ci i

So we have a more rigorous con�rmation that an annihilator annihilates exactly one type of se-
quence,but multiplies other similar sequencesby a constant.

We can usethis fact about annihilators of geometricsequencesto solve certain recurrences.For
example,consider the sequenceR = hr 0; r1; r2; : : :i de�ned recursively as follows:

r0 = 3

r i +1 = 5r i

We can easily prove that the operator (E � 5) annihilates R:

(E � 5)hr i i = Ehr i i � 5hr i i = hr i +1 i � h5r i i = hr i +1 � 5r i i = h0i

Since(E � 5) is an annihilator for R, we must have the closedform solution r i = r05i = 3 � 5i . We
can easily verify this by induction, as follows:

r0 = 3 � 50 = 3 X [de�nition]

r i = 5r i � 1 [de�nition]

= 5 � (3 � 5i � 1) [induction hypothesis]

= 5i � 3 X [algebra]

2.2 Multiple operators

An operator is a function that transforms onesequenceinto another. Likeany other function, wecan
apply operators one after another to the samesequence.For example,we can multiply a sequence
hai i by a constant d and then by a constant c, resulting in the sequencec(dhai i ) = hc�d�ai i = (cd)hai i .
Alternativ ely, we may multiply the sequenceby a constant c and then shift it to the left to get
E(chai i ) = Ehc � ai i = hc � ai +1 i . This is exactly the same as applying the operators in the
reverse order: c(Ehai i ) = chai +1 i = hc � ai +1 i . We can also shift the sequencetwice to the left:
E(Ehai i ) = Ehai +1 i = hai +2 i . We will write this in shorthand as E 2hai i . More generally, the
operator Ek shifts a sequencek steps to the left: E khai i = hai + k i .

We now have the tools to solve a whole host of recurrence problems. For example, what
annihilates C = h2i + 3i i ? Well, we know that (E � 2) annihilates h2i i while leaving h3i i essentially
unscathed. Similarly, (E � 3) annihilates h3i i while leaving h2i i essentially unscathed. Thus, if we
apply both operators one after the other, we seethat (E � 2)(E � 3) annihilates our sequenceC.

In general, for any integersa 6= b, the operator (E � a)(E � b) annihilates any sequenceof the
form hc1ai + c2bi i but nothing else. We will often `multiply out' the operators into the shorthand
notation E2 � (a + b)E + ab. It is left as an exhilarating exerciseto the student to verify that this
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shorthand actually makes sense|the operators (E � a)(E � b) and E 2 � (a + b)E + ab have the
samee�ect on every sequence.

We now know �nally enoughto solve the recurrencefor Fibonaccinumbers. Speci�cally , notice
that the recurrenceFi = Fi � 1 + Fi � 2 is annihilated by E2 � E � 1:

(E2 � E � 1)hFi i = E2hFi i � EhFi i � hFi i

= hFi +2 i � hFi +1 i � hFi i

= hFi � 2 � Fi � 1 � Fi i

= h0i

Factoring E2 � E � 1 using the quadratic formula, we obtain

E2 � E � 1 = (E � � )(E � �̂ )

where � = (1 +
p

5)=2 � 1:618034is the golden ratio and �̂ = (1 �
p

5)=2 = 1 � � = � 1=� . Thus,
the operator (E � � )(E � �̂ ) annihilates the Fibonacci sequence,so F i must have the form

Fi = c� i + ĉ�̂ i

for someconstants c and ĉ. We call this the generic solution to the recurrence, since it doesn't
depend at all on the basecases.To compute the constants c and ĉ, we use the basecasesF0 = 0
and F1 = 1 to obtain a pair of linear equations:

F0 = 0 = c + ĉ

F1 = 1 = c� + ĉ�̂

Solving this systemof equationsgivesus c = 1=(2� � 1) = 1=
p

5 and ĉ = � 1=
p

5.
We now have a closed-formexpressionfor the i th Fibonacci number:

Fi =
� i � �̂ i

p
5

=
1

p
5

 
1 +

p
5

2

! i

�
1

p
5

 
1 �

p
5

2

! i

With all the squareroots in this formula, it's quite amazing that Fibonacci numbers are integers.
However, if we do all the math correctly, all the squareroots cancelout when i is an integer. (In
fact, this is prett y easyto prove using the binomial theorem.)

2.3 Degenerate cases

We can't quite solve every recurrenceyet. In our above formulation of (E � a)(E � b), we assumed
that a 6= b. What about the operator (E � a)(E � a) = (E � a)2? It turns out that this operator
annihilates sequencessuch as hia i i :

(E � a)hia i i = h(i + 1)ai +1 � (a)ia i i

= h(i + 1)ai +1 � ia i +1 i

= hai +1 i

(E � a)2hia i i = (E � a)hai +1 i = h0i

More generally, the operator (E � a)k annihilates any sequencehp(i ) � ai i , where p(i ) is any
polynomial in i of degreek � 1. As an example, (E � 1)3 annihilates the sequencehi 2 � 1i i = hi 2i =
h1; 4; 9; 16; 25; : : :i , sincep(i ) = i 2 is a polynomial of degreen � 1 = 2.

As a review, try to explain the following statements:
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� (E � 1) annihilates any constant sequenceh� i .

� (E � 1)2 annihilates any arithmetic sequenceh� + � i i .

� (E � 1)3 annihilates any quadratic sequenceh� + � i + 
 i 2i .

� (E � 3)(E � 2)(E � 1) annihilates any sequenceh� + � 2i + 
 3i i .

� (E � 3)2(E � 2)(E � 1) annihilates any sequenceh� + � 2i + 
 3i + � i3i i .

2.4 Summary

In summary, we have learned several operators that act on sequences,as well as a few ways of
combining operators.

Operator De�nition
Addition hai i + hbi i = hai + bi i

Subtraction hai i + hbi i = hai + bi i
Scalar multiplication chai i = hcai i

Shift Ehai i = hai +1 i
Composition of operators (X + Y )hai i = X hai i + Y hai i

(X � Y )hai i = X hai i � Y hai i
XY hai i = X (Y hai i ) = Y (X hai i )

k-fold shift Ekhai i = hai + k i

Notice that we have not de�ned a multiplication operator for two sequences. This is usually
accomplishedby convolution:

hai i � hbi i =

*
iX

j =0

aj bi � j

+

:

Fortunately, convolution is unnecessaryfor solving the recurrenceswe will seein this course.
We have also learned somethings about annihilators, which can be summarizedas follows:

Sequence Annihilator
h� i E � 1


�a i
�

E � a

�a i + � bi

�
(E � a)(E � b)


� 0ai
0 + � 1ai

1 + � � � + � nai
n

�
(E � a0)(E � a1) � � � (E � an )

h�i + � i (E � 1)2


(�i + � )ai

�
(E � a)2



(�i + � )ai + 
 bi

�
(E � a)2(E � b)


(� 0 + � 1i + � � � � n� 1in� 1)ai
�

(E � a)n

If X annihilates hai i , then X also annihilates chai i for any constant c.

If X annihilates hai i and Y annihilates hbi i , then XY annihilates hai i � hbi i .

3 Solving Linear Recurrences

3.1 Homogeneous Recurrences

The general expressionsin the annihilator box above are really the most important things to
remember about annihilators becausethey help you to solve any recurrence for which you can
write down an annihilator. The generalmethod is:
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1. Write down the annihilator for the recurrence
2. Factor the annihilator
3. Determine the sequenceannihilated by each factor
4. Add thesesequencestogether to form the genericsolution
5. Solve for constants of the solution by using initial conditions

Example: Let's show the stepsrequired to solve the following recurrence:

r0 = 1

r1 = 5

r2 = 17

r i = 7r i � 1 � 16r i � 2 + 12r i � 3

1. Write down the annihilator. Since r i +3 � 7r i +2 + 16r i +1 � 12r i = 0, the annihilator is E3 �
7E2 + 16E � 12.

2. Factor the annihilator. E3 � 7E2 + 16E � 12 = (E � 2)2(E � 3).

3. Determine sequencesannihilated by each factor. (E � 2)2 annihilates h(�i + � )2i i for any
constants � and � , and (E � 3) annihilates h
 3i i for any constant 
 .

4. Combine the sequences. (E � 2)2(E � 3) annihilates h(�i + � )2i + 
 3i i for any constants
�; � ; 
 .

5. Solve for the constants. The basecasesgive us three equationsin the three unknowns �; � ; 
 :

r0 = 1 = (� � 0 + � )20 + 
 � 30 = � + 


r1 = 5 = (� � 1 + � )21 + 
 � 31 = 2� + 2� + 3


r2 = 17 = (� � 2 + � )22 + 
 � 32 = 8� + 4� + 9


We can solve these equations to get � = 1, � = 0, 
 = 1. Thus, our �nal solution is
r i = i2i + 3i , which we can verify by induction.

3.2 Non-homogeneous Recurrences

A height balanced tree is a binary tree, where the heights of the two subtreesof the root di�er by
at most one, and both subtreesare also height balanced. To ground the recursive de�nition, the
empty set is considereda height balancedtree of height � 1, and a single node is a height balanced
tree of height 0.

Let Tn be the smallest height-balanced tree of height n|ho w many nodesdoesTn have? Well,
one of the subtreesof Tn has height n � 1 (since Tn has height n) and the other has height either
n � 1 or n � 2 (since Tn is height-balanced and as small as possible). Since both subtrees are
themselvesheight-balanced, the two subtreesmust be Tn� 1 and Tn� 2.

We have just derived the following recurrencefor t n , the number of nodesin the tree Tn :

t � 1 = 0 [the empty set]

t0 = 1 [a single node]

tn = tn� 1 + tn� 2 + 1
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The �nal `+1' is for the root of Tn .
We refer to the terms in the equation involving t i 's as the homogeneous terms and the rest

as the non-homogeneous terms. (If there were no non-homogeneousterms, we would say that the
recurrence itself is homogeneous.) We know that E 2 � E � 1 annihilates the homogeneouspart
tn = tn� 1 + tn� 2. Let us try applying this annihilator to the entire equation:

(E2 � E � 1)ht i i = E2ht i i � Ehai i � 1hai i

= ht i +2 i � ht i +1 i � ht i i

= ht i +2 � t i +1 � t i i

= h1i

The leftover sequenceh1; 1; 1; : : :i is called the residue. To obtain the annihilator for the entire
recurrence,we composethe annihilator for its homogeneouspart with the annihilator of its residue.
SinceE � 1 annihilates h1i , it follows that (E 2 � E � 1)(E � 1) annihilates htn i . We can factor the
annihilator into

(E � � )(E � �̂ )(E � 1);

so our annihilator rules tell us that

tn = �� n + � �̂ n + 


for someconstants �; � ; 
 . We call this the generic solution to the recurrence.Di�eren t recurrences
can have the samegenericsolution.

To solve for the unknown constants, we needthree equationsin three unknowns. Our basecases
give us two equations,and we can get a third by examining the next nontrivial caset 1 = 2:

t � 1 = 0 = �� � 1 + � �̂ � 1 + 
 = �=� + � =�̂ + 


t0 = 1 = �� 0 + � �̂ 0 + 
 = � + � + 


t1 = 2 = �� 1 + � �̂ 1 + 
 = �� + � �̂ + 


Solving theseequations,we �nd that � =
p

5+2p
5

, � =
p

5� 2p
5

, and 
 = � 1. Thus,

tn =

p
5 + 2
p

5

 
1 +

p
5

2

! n

+

p
5 � 2
p

5

 
1 �

p
5

2

! n

� 1

Here is the generalmethod for non-homogeneousrecurrences:

1. Write down the homogeneousannihilator, directly from the recurrence
11

2 . `Multiply' by the annihilator for the residue
2. Factor the annihilator
3. Determine what sequenceeach factor annihilates
4. Add thesesequencestogether to form the genericsolution
5. Solve for constants of the solution by using initial conditions
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3.3 Some more examples

In each examplebelow, we usethe basecasesa0 = 0 and a1 = 1.

� an = an � 1 + an � 2 + 2

{ The homogeneousannihilator is E2 � E � 1.
{ The residueis the constant sequenceh2; 2; 2; : : :i , which is annihilated by E � 1.
{ Thus, the annihilator is (E2 � E � 1)(E � 1).
{ The annihilator factors into (E � � )(E � �̂ )(E � 1).
{ Thus, the genericsolution is an = �� n + � �̂ n + 
 .
{ The constants �; � ; 
 satisfy the equations

a0 = 0 = � + � + 


a1 = 1 = �� + � �̂ + 


a2 = 3 = �� 2 + � �̂ 2 + 


{ Solving the equationsgivesus � =
p

5+2p
5

, � =
p

5� 2p
5

, and 
 = � 2

{ So the �nal solution is an =

p
5 + 2
p

5

 
1 +

p
5

2

! n

+

p
5 � 2
p

5

 
1 �

p
5

2

! n

� 2

(In the remaining examples,I won't explicitly enumerate the steps like this.)

� an = an � 1 + an � 2 + 3

The homogeneousannihilator (E2 � E � 1) leaves a constant residue h3; 3; 3; : : :i , so the
annihilator is (E2 � E � 1)(E � 1), and the genericsolution is an = �� n + � �̂ n + 
 . Solving
the equations

a0 = 0 = � + � + 


a1 = 1 = �� + � �̂ + 


a2 = 4 = �� 2 + � �̂ 2 + 


givesus the �nal solution an =

p
5 + 3
p

5

 
1 +

p
5

2

! n

+

p
5 � 3
p

5

 
1 �

p
5

2

! n

� 3

� an = an � 1 + an � 2 + 2n

The homogeneousannihilator (E2 � E � 1) leaves an exponential residueh4; 8; 16; 32; : : :i =
h2i +2 i , which is annihilated by E � 2. Thus, the annihilator is (E 2 � E � 1)(E � 2), and
the generic solution is an = �� n + � �̂ n + 
 2n . The constants �; � ; 
 satisfy the following
equations:

a0 = 0 = � + � + 


a1 = 1 = �� + � �̂ + 2


a2 = 5 = �� 2 + � �̂ 2 + 4


9
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� an = an � 1 + an � 2 + n

The homogeneousannihilator (E2 � E � 1) leaves a linear residue h2; 3; 4; 5: : :i = hi + 2i ,
which is annihilated by (E � 1)2. Thus, the annihilator is (E2 � E � 1)(E � 1)2, and the
generic solution is an = �� n + � �̂ n + 
 + � n. The constants �; � ; 
 ; � satisfy the following
equations:

a0 = 0 = � + � + 


a1 = 1 = �� + � �̂ + 
 + �

a2 = 3 = �� 2 + � �̂ 2 + 
 + 2�

a3 = 7 = �� 3 + � �̂ 3 + 
 + 3�

� an = an � 1 + an � 2 + n 2

The homogeneousannihilator (E2 � E � 1) leaves a quadratic residue h4; 9; 16; 25: : :i =
h(i + 2)2i , which is annihilated by (E � 1)3. Thus, the annihilator is (E2 � E � 1)(E � 1)3,
and the genericsolution is an = �� n + � �̂ n + 
 + � n + "n 2. The constants �; � ; 
 ; � ; " satisfy
the following equations:

a0 = 0 = � + � + 


a1 = 1 = �� + � �̂ + 
 + � + "

a2 = 5 = �� 2 + � �̂ 2 + 
 + 2� + 4"

a3 = 15 = �� 3 + � �̂ 3 + 
 + 3� + 9"

a4 = 36 = �� 4 + � �̂ 4 + 
 + 4� + 16"

� an = an � 1 + an � 2 + n 2 � 2n

The homogeneousannihilator (E2 � E � 1) leavesthe residueh(i + 2)2 � 2i � 2i . The quadratic
part of the residue is annihilated by (E � 1)3, and the exponential part is annihilated by
(E � 2). Thus, the annihilator for the whole recurrenceis (E 2 � E � 1)(E � 1)3(E � 2), and
so the genericsolution is an = �� n + � �̂ n + 
 + � n + "n 2 + � 2i . The constants �; � ; 
 ; � ; "; �
satisfy a systemof six equations in six unknowns determined by a0; a1; : : : ; a5.

� an = an � 1 + an � 2 + � n

The annihilator is (E2 � E � 1)(E � � ) = (E � � )2(E � �̂ ), so the generic solution is an =
�� n + � n� n + 
 �̂ n . (Other recurrencesolving methods will have a \in terference" problem
with this equation, while the operator method doesnot.)

Our method doesnot work on recurrenceslike an = an� 1 + 1
n or an = an� 1 + lg n, becausethe

functions 1
n and lg n do not have annihilators. Our tool, asit stands, is limited to linear recurrences.

4 Divide and Conquer Recurrences and the Master Theorem

Divide and conqueralgorithms often give us running-time recurrencesof the form

T(n) = aT(n=b) + f (n) (1)

wherea and b are constants and f (n) is someother function. The so-called`Master Theorem' gives
us a generalmethod for solving such recurrencesf (n) is a simple polynomial.

10
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Unfortunately, the Master Theorem doesn't work for all functions f (n), and many useful recur-
rencesdon't look like (1) at all. Fortunately, there's a general technique to solve most divide-and-
conquer recurrences,even if they don't have this form. This technique is usedto prove the Master
Theorem, so if you remember this technique, you can forget the Master Theorem entirely (which
is what I did). Throw o� your chains!

I'll illustrate the technique using the generic recurrence(1). We start by drawing a recursion
tree. The root of the recursion tree is a box containing the value f (n), it has a children, each
of which is the root of a recursion tree for T(n=b). Equivalently, a recursion tree is a complete
a-ary tree where each node at depth i contains the value ai f (n=bi ). The recursion stops when we
get to the basecase(s)of the recurrence. Sincewe're looking for asymptotic bounds, it turns out
not to matter much what we use for the basecase;for purposesof illustration, I'll assumethat
T(1) = f (1).

a

f(n/b)

f(n/b  )2 f(n/b  )2 f(n/b  )2f(n/b  )2

f(n)

a
f(n/b) f(n/b) f(n/b)

f(n/b  )3

f(   )1

f(n)

a f(n/b)

a   f(n/b  )2 2

a   f(n/b  )33

a   f(1)L

A recursiontree for the recurrenceT (n) = a T (n=b) + f (n)

Now T(n) is just the sum of all valuesstored in the tree. Assuming that each level of the tree
is full, we have

T(n) = f (n) + a f (n=b) + a2 f (n=b2) + � � � + ai f (n=bi ) + � � � + aL f (n=bL )

where L is the depth of the recursion tree. We easily seethat L = logb n, since n=bL = 1. Since
f (1) = �(1), the last non-zeroterm in the summation is �( aL ) = �( alogb n ) = �( n logb a).

Now we can easily state and prove the Master Theorem, in a slightly di�eren t form than it's
usually stated.

The Master Theorem. The recurrenceT(n) = aT(n=b) + f (n) can be solved as follows.
� If a f (n=b) = � f (n) for someconstant � < 1, then T(n) = �( f (n)).
� If a f (n=b) = K f (n) for someconstant K > 1, then T(n) = �( n logb a).
� If a f (n=b) = f (n), then T(n) = �( f (n) logb n).

Pro of: If f (n) is a constant factor larger than a f (b=n), then by induction, the sum is a descending
geometricseries.The sum of any geometricseriesis a constant times its largest term. In this case,
the largest term is the �rst term f (n).

If f (n) is a constant factor smaller than a f (b=n), then by induction, the sum is an ascending
geometricseries.The sum of any geometricseriesis a constant times its largest term. In this case,
this is the last term, which by our earlier argument is �( n logb a).

11



CS 373 Notes on Solving Recurrence Relations

Finally, if a f (b=n) = f (n), then by induction, each of the L + 1 terms in the summation is
equal to f (n). �

Here are a few canonical examplesof the Master Theorem in action:

� Randomized selection: T (n ) = T (3n= 4) + n

Here a f (n=b) = 3n=4 is smaller than f (n) = n by a factor of 4=3, so T(n) = �( n)

� Karatsuba's multiplication algorithm: T (n ) = 3T (n= 2) + n

Here a f (n=b) = 3n=2 is bigger than f (n) = n by a factor of 3=2, so T(n) = �( n log2 3)

� Mergesort: T (n ) = 2T (n= 2) + n

Here a f (n=b) = f (n), so T(n) = �( n logn)

� T (n ) = 4T (n= 2) + n lg n

In this case,we have a f (n=b) = 2n lg n � 2n, which is not quite twice f (n) = n lg n. However,
for su�cien tly large n (which is all we care about with asymptotic bounds) we have 2f (n) >
a f (n=b) > 1:9f (n). Since the level sums are bounded both above and below by ascending

geometric series,the solution is T(n) = �( n log2 4) = �( n2) . (This trick will not work in the
secondor third casesof the Master Theorem!)

Using the samerecursion-tree technique, we can also solve recurrenceswhere the Master The-
orem doesn't apply.

� T (n ) = 2T (n= 2) + n= lg n

We can't apply the Master Theorem here, becausea f (n=b) = n=(lg n � 1) isn't equal to
f (n) = n= lg n, but the di�erence isn't a constant factor. So we needto compute each of the
level sums and compute their total in someother way. It's not hard to seethat the sum of
all the nodesin the i th level is n=(lg n � i ). In particular, this meansthe depth of the tree is
at most lg n � 1.

T(n) =
lg n� 1X

i =0

n
lg n � i

=
lg nX

j =1

n
j

= nH lg n = �( n lg lg n)

� Randomized quic ksort: T (n ) = T (3n= 4) + T (n= 4) + n

In this case,nodes in the samelevel of the recursion tree have di�eren t values. This makes
the tree lopsided; di�eren t leavesare at di�eren t levels. However, it's not to hard to seethat
the nodes in any complete level (i.e., above any of the leaves) sum to n, so this is like the
last caseof the Master Theorem, and that every leaf has depth between log4 n and log4=3 n.
To derive an upper bound, we overestimate T(n) by ignoring the basecasesand extending
the tree downward to the level of the deepest leaf. Similarly, to derive a lower bound, we
overestimate T(n) by counting only nodes in the tree up to the level of the shallowest leaf.
These observations give us the upper and lower bounds n log4 n � T(n) � n log4=3 n. Since

thesebound di�er by only a constant factor, we have T(n) = �( n logn) .

12
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� Deterministic selection: T (n ) = T (n= 5) + T (7n= 10) + n

Again, we have a lopsided recursion tree. If we look only at complete levels of the tree, we
�nd that the level sumsform a descendinggeometricseriesT(n) = n + 9n=10+ 81n=100+ � � � ,
so this is like the �rst caseof the master theorem. We can get an upper bound by ignoring
the basecasesentirely and growing the tree out to in�nit y, and we can get a lower bound by
only counting nodes in complete levels. Either way, the geometric seriesis dominated by its
largest term, so T(n) = �( n) .

� T (n ) =
p

n � T (
p

n ) + n

In this case, we have a complete recursion tree, but the degree of the nodes is no longer
constant, so we have to be a bit more careful. It's not hard to seethat the nodes in any
level sum to n, so this is like the third Master case. The depth L satis�es the identit y
n2� L

= 2 (we can't get all the way down to 1 by taking square roots), so L = lg lg n and
T(n) = �( n lg lg n) .

� T (n ) = 2
p

n � T (
p

n ) + n

We still have at most lg lg n levels, but now the nodes in level i sum to 2i n. We have an
increasing geometric seriesof level sums, like the secondMaster case,so T(n) is dominated
by the sum over the deepest level: T(n) = �(2 lg lg nn) = �( n logn)

� T (n ) = 4
p

n � T (
p

n ) + n

Now the nodes in level i sum to 4i n. Again, we have an increasinggeometric series,like the

secondMaster case,so we only care about the leaves: T(n) = �(4 lg lg nn) = �( n log2 n) Ick!

5 Transforming Recurrences

5.1 An analysis of mergesort: domain transformation

Previously we gave the recurrencefor mergesortas T(n) = 2T(n=2) + n, and obtained the solution
T(n) = �( n logn) using the Master Theorem (or the recursion tree method if you, like me, can't
remember the Master Theorem). This is �ne is n is a power of two, but for other valuesvaluesof
n, this recurrenceis incorrect. When n is odd, then the recurrencecalls for us to sort a fractional
number of elements! Worse yet, if n is not a power of two, we will never reach the base case
T(1) = 0.

To get a recurrencethat's valid for all integersn, we needto carefully add ceilings and 
o ors:

T(n) = T(dn=2e) + T(bn=2c) + n:

We have almost no hope of getting an exact solution here; the 
o ors and ceilings will eventually
kill us. So instead, let's just try to get a tight asymptotic upper bound for T(n) using a technique
called domain transformation. A domain transformation rewrites a function T(n) with a di�cult
recurrence as a nested function S(f (n)), where f (n) is a simple function and S() has an easier
recurrence.

First we overestimate the time bound, once by pretending that the two subproblem sizesare
equal, and again to eliminate the ceiling:

T(n) � 2T
�
dn=2e

�
+ n � 2T(n=2 + 1) + n:

13



CS 373 Notes on Solving Recurrence Relations

Now we de�ne a new function S(n) = T(n + � ), where � is a unknown constant, chosenso that
S(n) satis�es the Master-ready recurrenceS(n) � 2S(n=2) + O(n). To �gure out the correct value
of � , we comparetwo versionsof the recurrencefor the function T(n + � ):

S(n) � 2S(n=2) + O(n) =) T(n + � ) � 2T(n=2 + � ) + O(n)

T(n) � 2T(n=2 + 1) + n =) T(n + � ) � 2T((n + � )=2 + 1) + n + �

For thesetwo recurrencesto be equal, we needn=2+ � = (n + � )=2+ 1, which implies that � = 2.
The Master Theorem now tells us that S(n) = O(n logn), so

T(n) = S(n � 2) = O((n � 2) log(n � 2)) = O(n logn):

A similar argument givesa matching lower bound T(n) = 
( n logn). So T(n) = �( n logn) after
all, just as though we had ignored the 
o ors and ceilings from the beginning!

Domain transformations are useful for removing 
o ors, ceilings,and lower order terms from the
arguments of any recurrencethat otherwise looks like it ought to �t either the Master Theorem or
the recursion tree method. But now that we know this, we don't needto bother grinding through
the actual gory details!

5.2 A less trivial example

There is a data structure in computational geometry called ham-sandwich trees, where the cost
of doing a certain search operation obeys the recurrenceT (n ) = T (n= 2) + T (n= 4) + 1. This
doesn't �t the Master theorem, becausethe two subproblemshave di�eren t sizes,and using the
recursion tree method only givesus the loosebounds

p
n � T(n) � n.

Domain transformations save the day. If we de�ne the new function t(k) = T(2k ), we have a
new recurrence

t(k) = t(k � 1) + t(k � 2) + 1

which should immediately remind you of Fibonacci numbers. Sure enough,after a bit of work, the
annihilator method gives us the solution t(k) = �( � k ), where � = (1 +

p
5)=2 is the golden ratio.

This implies that

T(n) = t(lg n) = �( � lg n ) = �( n lg � ) � �( n0:69424):

It's possibleto solve this recurrencewithout domain transformations and annihilators|in fact,
the inventors of ham-sandwich trees did so|but it's much more di�cult.

5.3 Secondary recurrences

Consider the recurrenceT (n ) = 2T ( n
3 � 1) + n with the basecaseT(1) = 1. We already know

how to usedomain transformations to get the tight asymptotic bound T(n) = �( n), but how would
we we obtain an exact solution?

First we needto �gure out how the parameter n changesas we get deeper and deeper into the
recurrence. For this we usea secondary recurrence. We de�ne a sequencen i so that

T(n i ) = 2T(n i � 1) + n i ;

So n i is the argument of T() when we are i recursion stepsaway from the basecasen0 = 1. The
original recurrencegivesus the following secondaryrecurrencefor n i :

n i � 1 =
n i

3
� 1 =) n i = 3n i � 3 + 3:

14
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The annihilator for this recurrence is (E � 1)(E � 3), so the generic solution is n i = � 3i + � .
Plugging in the basecasesn0 = 1 and n1 = 6, we get the exact solution

n i =
5
2

� 3i �
3
2

:

Notice that our original function T(n) is only well-de�ned if n = n i for someinteger i � 0.
Now to solve the original recurrence,we do a range transformation. If we set t i = T(n i ), we

have the recurrencet i = 2t i � 1 + 5
2 � 3i � 3

2 , which by now we can solve using the annihilator method.
The annihilator of the recurrenceis (E � 2)(E � 3)(E � 1), so the genericsolution is � 03i + � 02i + 
 0.
Plugging in the basecasest0 = 1, t1 = 8, t2 = 37, we get the exact solution

t i =
15
2

� 3i � 8 � 2i +
3
2

Finally, we need to substitute to get a solution for the original recurrence in terms of n, by
inverting the solution of the secondaryrecurrence. If n = n i = 5

2 � 3i � 3
2 , then (after a little algebra)

we have

i = log3

�
2
5

n +
3
5

�
:

Substituting this into the expressionfor t i , we get our exact, closed-formsolution.

T(n) =
15
2

� 3i � 8 � 2i +
3
2

=
15
2

� 3( 2
5 n+ 3

5 ) � 8 � 2log3( 2
5 n+ 3

5 ) +
3
2

=
15
2

�
2
5

n +
3
5

�
� 8 �

�
2
5

n +
3
5

� log3 2

+
3
2

= 3n � 8 �
�

2
5

n +
3
5

� log3 2

+ 6

Isn't that special? Now you know why we stick to asymptotic bounds for most recurrences.
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