CSs 373 Notes on Solving Recurrence Relations

1 Fun with Fib onacci numbers

Consider the reproductive cycle of bees. Each male bee has a mother but no father; eah female
beehasboth a mother and a father. If we examinethe generationswe seethe following family tree:

We easily seethat the number of ancestorsin ead generationis the sum of the two numbers
beforeit. For example, our male bee has three great-grandparens, two grandparerts, and one
parent, and 3 = 2+ 1. The number of ancestorsa bee has in generation n is de ned by the
Fib onaccisequencewe can also seethis by applying the rule of sum.

As a secondexample, considerlight entering two adjacert planesof glass:

~

At any meeting surface (between the two panesof glass, or betweenthe glassand air), the light
may either re ect or corntinue straight through (refract). For example, hereis the light bouncing
sewen times beforeit leavesthe glass.

/
~ NN

In general,how many di erent paths canthe light take if we are told that it bouncesn times before
leaving the glass?

The answer to the question (in caseyou haven't guessed)rests with the Fibonacci sequence.
We can apply the rule of sumto the event E constituting all paths through the glassin n bounces.
We generatetwo separatesub-eerts, E; and E», illustrated in the following picture.
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Sub-event E1: Let E; be the evert that the rst bounceis not at the boundary between
the two panes. In this case,the light must rst bounceo the bottom pane, or elsewe are
dealing with the caseof having zero bounces(there is only one way to have zero bounces).
Howewer, the number of remaining paths after bouncing o the bottom paneis the sameas
the number of paths entering through the bottom pane and bouncingn 1 bouncesmore.
Entering through the bottom paneis the sameas entering through the top pane (but ipp ed
over), so E; is the number of paths of light bouncingn 1 times.

Sub-event E,: Let E, be the evert that the rst bounceis on the boundary betweenthe
two panes. In this case,we considerthe two options for the light after the rst bounce: it
can either leave the glass(in which casewe are dealing with the caseof having one bounce,
and there is only oneway for the light to bounceonce)or it can bounceyet again on the top
of the upper pane, in which caseit is equivalert to the light entering from the top with n 2
bouncesto take along its path.

By the rule of sum, we thus get the following recurrencerelation for F,, the number of paths
in which the light can travel with exactly n bounces. There is exactly one way for the light to
travel with no bouncesistraigh t throughjand exactly two ways for the light to travel with only
one bouncelo the bottom and o the middle. For any n > 1, there are F,, 1 paths where the
light bounceso the bottom of the glass,and F,, , paths where the light bounceso the middle
and then o the top.

Fozl
F1:2
Fh=Fn 1+ Fn 2

Stump a professor

What is the recurrencerelation for three panesof glass?This questiononcestumped an anonymous
professot in a sciencediscipline, but now you should be able to solve it with a bit of e ort. Aren't
you proud of your knowledge?

N~ N )
v

!Not me! |Je
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2 Sequences, sequence operators, and annihilators

We have shown that sewral di erent problems can be expressedin terms of Fib onacci sequences,
but we don't yet know how to explicity compute the nth Fibonacci number, or even (and more
importantly) roughly how big it is. We can easily write a program to compute the n th Fib onacci
number, but that doesn't help us much here. What we really want is a closal form solution for the
Fibonaccirecurrence|an explicit algebraic formula without conditionals, loops, or recursion.

In order to solve recurrencedik e the Fib onaccirecurrence,we rst needto understand operations
on in nite sequence®f numbers. Although these sequencesare formally de ned as functions of
the form A : IN ! IR, we will write them either as A = hag;a;;as;az;as;:::i when we want to
emphasizethe ertire sequencé, or asA = ha;i when we want to emphasizea genericelemen. For
example, the Fibonaccisequencds H0; 1; 1;2; 3;5; 8; 13; 21;: ::i.

We can naturally de ne seweral sequenceoperators:

We can add or subtract any two sequences:

heji + Moi = hag;ag;ap;:::i + hop; by bp; oot = hag + pyag + byjap + bp; it
heji  Hoi = hag;ag;ap; i hopy by bp; i = hag pyar bpjay by

he; + by
(0=T o]

We can multiply any sequenceby a constart:
c hgii = ¢ hg;ag;ag;::ii=hc ag;c az;c ap;:::ii =h &i
We can shift any sequenceo the left by removing its initial elemen:
Eheji = Ehag;ar;ap;as; 111 = hegjag;ag;as; i = hajsq i

Example: We can understand these operators better by looking at somespeci ¢ examples,using
the sequencel of powers of two.

T = 102522280 = 12

ET = 1212223, 2% :::i = 122

2T =t 292 2,2 22,2 2%;:::i = 122,28 2% 1ii = 2
2T ET=rt 24,22 2228 2824 2%::i=H;0,0,0,::: = HOi

2.1 Prop erties of operators

It turns out that the distributiv e property holds for theseoperators, sowe canrewrite ET 2T as

(E 2)T. Since(E 2)T = h0;0;0;0;:::i, we sa that the operator (E 2) annihilates T, and we

call (E 2) anannihilator of T. Obviously, we cantrivially annihilate any sequenceoy multiplying

it by zero, so as a technical matter, we do not considermultiplication by 0 to be an annihilator.
What happenswhen we apply the operator (E  3) to our sequencerl ?

(E 3)T=ET 3T=R"Ti 3i=w*" 32i=h2i= T

The operator (E  3) did very little to our sequenceT; it just ipp ed the sign of eadh humber in
the sequence.In fact, we will soon seethat only (E 2) will annihilate T, and all other simple

2t really doesn't matter whether we start a sequencewith ap or a; or as or evena 17. Zero is often a convenient
starting point for many recursively de ned sequencessowe'll usually start there.

3
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operators will aect T in very minor ways. Thus, if we know how to annihilate the sequencewe
know what the sequencamust look like. _
In general,(E  ¢) annihilates any geometric sequenceA = hag; agC;agC%; agCs;:::i = hagCi:

(E ohagci = Ehagci  chagGii = hagc™ i hc agGi = hapd™  apcd*ti = Hoi

To seethat this is the only operator of this form that annihilates A, let's seethe e ect of operator
(E d) for somed 6 c:

(E d)haoci = Ehagdi  dhaggi = haod™  dagci = h(c  d)agci = (¢ d)hagci

So we have a more rigorous con rmation that an annihilator annihilates exactly one type of se-
guence,but multiplies other similar sequencedy a constart.
We can usethis fact about annihilators of geometric sequences$o solve certain recurrences.For

example, considerthe sequencer = Irg;r1;rp;:::i de ned recursively as follows:
o= 3
li+1 = Orj

We can easily prove that the operator (E 5) annihilates R:
(E 5)h’ii = Eh‘ii 5h’ii = h’i+1i HSrii = h’i+1 5I’ii = hi

Since(E 5) is an annihilator for R, we must have the closedform solution r; = rg5' = 3 5. We
can easily verify this by induction, asfollows:

ro=3 5=3 X [de nition]
ri =5 1 [de nition]
=5 351 [induction hypothesis]
=5 3 X [algebra]

2.2 Multiple operators

An operator is a function that transforms onesequencento another. Like any other function, we can
apply operators one after another to the samesequence.For example, we can multiply a sequence
haji by aconstart d andthen by a constart c, resulting in the sequence(dhaiji) = hcd aji = (cd)hg;i.
Alternativ ely, we may multiply the sequenceby a constart ¢ and then shift it to the left to get
E(chgii) = Ehc ai = hc aj+i. This is exactly the same as applying the operators in the
reverseorder: c(Ehgji) = chgj+11 = hc aj+1 1. We can also shift the sequencetwice to the left:
E(Ehai) = Ehajs1i = hasoi. We will write this in shorthand as E2hg;i. More generally the
operator EK shifts a sequencek stepsto the left: EXhgji = haj.i.

We now have the tools to solve a whole host of recurrence problems. For example, what
annihilates C = 2" + 3i? Well, we know that (E 2) annihilates 2'i while leaving H3'i essetially
unscathed. Similarly, (E  3) annihilates H3'i while leaving H2'i essetially unscathed. Thus, if we
apply both operators one after the other, we seethat (E 2)(E 3) annihilates our sequenceC.

In general,for any integersa 6 b, the operator (E a)(E b) annihilates any sequenceof the
form hcia + cobi but nothing else. We will often “multiply out' the operators into the shorthand
notation E2 (a+ b)E + ab. It is left asan exhilarating exerciseto the studert to verify that this

4
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shorthand actually makes sense|the operators (E  a)(E b)) and E?2 (a+ bE + ab have the
samee ect on every sequence.

We now know nally enoughto solve the recurrencefor Fib onaccinumbers. Speci cally, notice
that the recurrenceF; = F; 1+ F; » is annihilated by E2 E 1:

(E2 E 1Dhi=E?WFi  EHRi HRi

Wil HFaai HFi
=M > F 1 Fi
= Hi

Factoring E2 E 1 usingthe quadratic formula, we obtain
E? E 1=(E Y}E "

where = (1+ IO§)=2 1:618034is the goldenratio and " = (1 p§)=2= 1 = 1= . Thus,
the operator (E YE ") annihilates the Fibonaccisequenceso Fj must have the form

Fi=c'+e¢"

for someconstarts ¢ and €. We call this the generic solution to the recurrence, sinceit doesn't
depend at all on the basecases.To compute the constarts ¢ and ¢, we usethe basecasesFo = 0
and F; = 1 to obtain a pair of linear equations:

Fo=0=c+ ¢

Fi=1l=c +¢"

Solving this system of equationsgivesusc= 1=2 1) = 1:p S5and &= 1:p 5.

We now have a closed-formexpressionfor the ith Fibonaccinumber:

oA 145 g 1 P
3

2

With all the squareroots in this formula, it's quite amazingthat Fibonaccinumbers are integers.
Howewer, if we do all the math correctly, all the squareroots cancelout wheni is an integer. (In
fact, this is pretty easyto prove using the binomial theorem.)

2.3 Degenerate cases

We can't quite solve every recurrenceyet. In our above formulation of (E a)(E b), we assumed
that a 6 b. What about the operator (E  a)(E a) = (E a)2? It turns out that this operator
annihilates sequencesuc asha'i:

(E a)ha'i = hi+ 1)a** (a)ia'i
I’(I + 1)ai+l iai+li
= ha'*t|

(E a)?ha'i= (E a)rd*ti = Hi

More generally the operator (E @)% annihilates any sequencetp(i) a'i, where p(i) is any
polynomial in i of degreek 1. As an example,(E 1)2 annihilates the sequencei? 1'i = h?i =
hl; 4;9;16;25;:::i, sincep(i) = i? is a polynomial of degreen 1= 2.

As a review, try to explain the following statemerts:

5



CSs 373 Notes on Solving Recurrence Relations

(E 1) annihilates any constart sequenceh i.

(E  1)? annihilates any arithmetic sequencen + ii.

(E  1)3 annihilates any quadratic sequenceh + i+ .

(E 3)E 2)(E 1)annihilates any sequenceh + 2+ 3.

(E 3)%E 2)(E 1)annihilates any sequenceh + 2+ 3 + 3.

2.4 Summary

In summary, we have learned seweral operators that act on sequencesas well as a few ways of
conmbining operators.

Operator | De nition
Addition | hgji + Hgi = hg; + by
Subtraction | hgji + hyi = hg + b
Scalar multiplication | chaji = hcygi
Shift | Ehgji = haj4q i
Composition of operators | (X + Y )haji = Xhgji + Y hgji
(X Y)hgi = Xhgji Y hgji
XY hgii = X (Y hgji) = Y (X hgi)
k-fold shift | EXhayi = hay. i

Notice that we have not de ned a multiplication operator for two sequences. This is usually
accomplishedby convolution: * +
Xi
I’Bii HJi = ajh j
j=0
Fortunately, corvolution is unnecessaryfor solving the recurrenceswe will seein this course.
We have also learned somethings about annihilators, which can be summarizedas follows:

Sequence Annihilator
hil|lE 1
a' |E a
al+ B |(E a)(E b
0+ 181+ + na [(E a)(E a) (E an)
hi + i|(E 1)2
(i +)a [(E a)?
(i + )a+ B |[(E a?E b
( o+t 1i+ n 1in 1)ai (E a)”
\ If X annihilates hg;i, then X alsoannihilates cha;i for any constart c. \
| If X annihilates hgji and Y annihilates hai, then XY annihilates haji  Hai. |

3 Solving Linear Recurrences

3.1 Homogeneous Recurrences

The general expressionsin the annihilator box above are really the most important things to
remenber about annihilators becausethey help you to solve any recurrence for which you can
write down an annihilator. The generalmethod is:

6
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1. Write down the annihilator for the recurrence

2. Factor the annihilator

3. Determine the sequenceannihilated by ead factor

4. Add thesesequencedogether to form the genericsolution

5. Solwe for constarts of the solution by using initial conditions

Example: Let's show the stepsrequired to solve the following recurrence:

ro=1
ri=>5
ro =17

ri Tri 1 16r; 2+ 12r; 3

1. Write down the annihilator. Sincerisz  7ris2 + 1611 12r; = 0, the annihilator is E3
7EZ2+ 16E  12.

2. Factor the annihilator. E3  7E?+ 16E 12= (E 2)’(E 3).

3. Determine sequencesannihilated by ead factor. (E 2)2 annihilates Wi + )2'i for any
constarts and , and (E 3) annihilates h 3'i for any constart

4. Combine the sequences.(E 2)%(E  3) annihilates h(i + )2' + 3i for any constarts

5. Solwe for the constarts. The basecaseggive us three equationsin the three unknowns ; ;

ro=1=( 0+ )2°+ 3= +
ri=5=( 1+ )2'+ 3'=2 +2 +3
r,=17=( 2+ )2°+ 32=8 +4 +9

We can solwe these equationsto get = 1, = 0, = 1. Thus, our nal solution is

, which we can verify by induction.

3.2 Non-homogeneous Recurrences

A height balanoed tree is a binary tree, where the heights of the two subtreesof the root dier by
at most one, and both subtreesare also height balanced. To ground the recursive de nition, the
empty setis considereda height balancedtree of height 1, and a single node is a height balanced
tree of height 0.

Let T,, be the smallest height-balanced tree of height njho w many nodesdoesT, have? Well,
one of the subtreesof T,, hasheight n 1 (since T,, has height n) and the other has height either
n 2lorn 2(sinceT, is heigh-balanced and as small as possible). Since both subtrees are
themseles height-balanced, the two subtreesmust be T, 1 and T,, ».

We have just derived the following recurrencefor t,,, the number of nodesin the tree T,:

t1=0 [the empty set]
to=1 [a single node]

th=1th 1+th 2+1
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The nal "+1' is for the root of T,.

We refer to the terms in the equation involving t;'s as the homaen@us terms and the rest
as the non-homayeneus terms. (If there were no non-homogeneouderms, we would say that the
recurrenceitself is homogeneous.) We know that E2 E 1 annihilates the homogeneouspart
th =t, 1+ ty, 2. Let ustry applying this annihilator to the ertire equation:

(E? E Dhji = E?h;i  Ehgi  1hgi
= Mol Rl R
= M+ tivg ti
= hili
The leftover sequencehl; 1;1;:::i is called the residue To obtain the annihilator for the ertire

recurrence,we composethe annihilator for its homogeneougpart with the annihilator of its residue.
SinceE 1 annihilates hi, it followsthat (E?> E 1)(E 1) annihilates ht,i. We can factor the
annihilator into

(E )E "E 1

so our annihilator rules tell us that

N
tn: n+ n

+
for someconstarts ; ; . Wecall this the generic solution to the recurrence. Di erent recurrences
can have the samegenericsolution.

To solwve for the unknown constarts, we needthree equationsin three unknowns. Our basecases
give us two equations, and we can get a third by examining the next nontrivial caset; = 2:

t 1= 0= 14 A 14 = = + :A+
to=1= 04 "0y = + +
tp= 2= 1y My =+ My
. . Pz 2 Pz 2
Solving these equations,we nd that = pr’% , = @5 ,and = 1. Thus,
- —+5 - —5
t "5+2 1475 +p§ 2 1 '5 .
n — I"E 2 P"g 2

Here is the generalmethod for non-homogeneousecurrences:

1. Write down the homogeneousannihilator, directly from the recurrence
1%. “Multiply' by the annihilator for the residue

2. Factor the annihilator

3. Determine what sequencesad factor annihilates

4. Add thesesequencedogether to form the generic solution

5. Solve for constarts of the solution by using initial conditions
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3.3 Some more examples

In ead example below, we usethe basecasesag = 0 and a; = 1.

ap = ap 1+ ap, 2+ 2

The homogeneousannihilator is E> E 1.

The residueis the constart sequencd®; 2; 2;:::i, which is annihilated by E 1.
Thus, the annihilator is (E2 E 1) (E 1).

The annihilator factors into (E YE ")E 1).

Thus, the genericsolutionisa, = "+ "+

The constarts ; ; satisfy the equations

Lt B et B e W e W e W )

ap=0= + +
a=1= + "+

N
ap=3= 2+ "4

p_ P
{ Solving the equationsgivesus = —pr’%—z = —ég—z,and = 2

p_ P="n p
. 5+2 1+ 5
{ Sothe nal solutionis|a, = pg > +

ol
N
-
ol

5 2

(In the remaining examples,| won't explicitly enumerate the stepslike this.)

ap=ap 1+ap, 2+ 3

The homogeneousannihilator (E2 E 1) leaves a constart residue 13;3;3;:::i, so the
annihilator is (E2 E 1)(E 1), and the genericsolutionisa, = "+ "™+ . Solving
the equations

=3
I
o
I
+
+

ap=1= + +

a=4= 24 N2y
ivesus the nal solution |a, = p'_5‘+3 1+p§. n+ pE 3 1 pg ” 3
’ "5 2 "5 2

apn = ap 1+ ap 2+ 2"

The homogeneousannihilator (E2 E 1) leavesan exponertial residuety;8;16;32:::i =
F2'*2i, which is annihilated by E 2. Thus, the annihilator is (E2 E 1)(E 2), and

the generic solution is a, = n+ M4+ 2" The constarts ; ; satisfy the following
equations:

apu=0= + +

ag=1= + "+2

ap=5= 2+ "414



CSs 373 Notes on Solving Recurrence Relations

an = ap 1t ap 2+ n

The homogeneousannihilator (E2 E 1) leaves a linear residue 2;3;4;5:::i = h + 2i,
which is annihilated by (E  1)2. Thus, the annihilator is (E? E 1)(E 1)?, and the
generic solution is a, = n+ ™+ + n. The constarts ; ; ; satisfy the following
equations:

aa=1= + "+ +

N
ap=3= %+ "2+ +2
az=7= 3+ ™+ +3

@n = ap 1+ ap 2+ n?

The homogeneousannihilator (E2 E 1) leaves a quadratic residue M4;9;16;25:::i =
hi + 2)%i, which is annihilated by (E  1)3. Thus, the annihilator is (E? E 1)}(E 1)3,
and the genericsolutionisa, = "+ ™+ + n+"n2 Theconstarts ; ; ; ;" satisfy
the following equations:

ag=0= + +

ag=1= + "+ 4+ +"
aa=5= 2+ ™M+ +2 +4
az=15= 3+ ™M1+ +3 + 0o

as=36= 4+ ™M+ +4 +16

a, = ap 1+ a, 2+ n2 20

The homogeneousannihilator (E2 E 1) leavesthe residueh(i + 2)2 2 2j. The quadratic
part of the residue is annihilated by (E 1)3, and the exponertial part is annihilated by
(E  2). Thus, the annihilator for the whole recurrenceis (E2 E 1)(E 1)3(E 2), and
sothe genericsolution is a, = Ny ™4 4+ n+"n2+ 2. Theconstarts : : : :"

LN R B |

apn=ap 1+ap 2+ "

The annihilator is (E2 E 1)(E )= (E )3E "), sothe genericsolution is a, =
N+ n "+ "M (Other recurrencesolving methods will have a \in terference" problem
with this equation, while the operator method doesnot.)

Our method doesnot work on recurrenceslike a, = a, 1+ % ora, = a, 1+ lgn, becausethe
functions % and lg n do not have annihilators. Our tool, asit stands,is limited to linear recurrences.

4 Divide and Conquer Recurrences and the Master Theorem
Divide and conqueralgorithms often give us running-time recurrencesof the form

T(n)=aT(n=b + f(n) (1)

where a and b are constarts and f (n) is someother function. The so-called"Master Theorem' gives
us a generalmethod for solving suc recurrencesf (n) is a simple polynomial.

10
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Unfortunately, the Master Theorem doesn't work for all functions f (n), and many useful recur-
rencesdon't look like (1) at all. Fortunately, there's a generaltechnique to solve most divide-and-
conquerrecurrences,even if they don't have this form. This technique is usedto prove the Master
Theorem, soif you remenber this technique, you can forget the Master Theorem ertirely (which
is what | did). Throw o your chains!

I'll illustrate the technique using the genericrecurrence(1l). We start by drawing a recursion
tree. The root of the recursion tree is a box containing the value f (n), it has a children, eat
of which is the root of a recursion tree for T(n=b). Equivalertly, a recursion tree is a complete
a-ary tree where eat node at depth i contains the value a'f (n=h). The recursion stops when we
get to the basecase(s)of the recurrence. Sincewe're looking for asymptotic bounds, it turns out

not to matter much what we use for the base case;for purposesof illustration, I'll assumethat
T(1) = f(2).
o
a__ 7/ \ >~
f(n/b)| |f(n/b)| |f(n/b)| |f(n/b)| a f(n/b)
a I\ I\ I\
| f(n/b? 1 | f(n/b2)| | f(n/b21 | f(n/b2)| a2 f(n/b?)
I\ I\ I\ I\
f(n/b3 asd f(n/b3)

at f)

A recursiontree for the recurrenceT (n) = aT(n=h) + f (n)

Now T(n) is just the sum of all valuesstored in the tree. Assuming that ead level of the tree
is full, we have

T(n) = f(n)+ af (n=b) + a®f (n=K¥) + +af(n=p)+ +a-f(n=l)

where L is the depth of the recursion tree. We easily seethat L = logyn, sincen=b- = 1. Since
f(1) = (1), the last non-zeroterm in the summationis ( a“) = ( a'°%") = ( n'°%2),

Now we can easily state and prove the Master Theorem, in a slightly dierent form than it's
usually stated.

The Master Theorem. The recurrenceT(n) = aT(n=b) + f (n) can be solved as follows.
If af (n=b) f (n) for someconstart < 1,then T(n) = ( f(n)).
If af (n=b) = K f (n) for someconstart K > 1, then T(n) = ( n'°%2).
If af (n=b) = f (n), then T(n) = ( f(n)logyn).

Pro of. If f (n) is a constant factor larger than af (b=n), then by induction, the sumis a descending
geometric series. The sum of any geometric seriesis a constart times its largestterm. In this case,
the largestterm is the rst term f (n).

If f(n) is a constant factor smaller than af (b=n), then by induction, the sum is an ascending
geometric series. The sum of any geometric seriesis a constart times its largestterm. In this case,
this is the last term, which by our earlier argumert is ( n'°9%2).

11
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Finally, if af (b=n) = f (n), then by induction, ead of the L + 1 terms in the summation is
equalto f (n).

Here are a few canonical examplesof the Master Theorem in action:

Randomized selection: T(n) = T(3n=4) + n

Here af (n=b) = 3n=4 is smaller than f (n) = n by a factor of 4=3, so|T(n) = ( n)

Karatsuba's multiplication algorithm: T(n) = 3T(n=2) + n

Here af (n=b) = 3n=2 is bigger than f (n) = n by a factor of 3=2, so|T(n) = ( n'0923)

Mergesort: T(n) = 2T(nh=2) + n
Here af (n=b) = f (n), so\T(n) = nlogn)\

T(n) = 4T(n=2)+ nlign

In this case,we have af (n=b) = 2nilgn 2n, which is not quite twicef (n) = nlgn. Howewer,
for su cien tly large n (which is all we care about with asymptotic bounds) we have 2f (n) >

af (n=b > 1:9f (n). Sincethe level sums are bounded both above and belon by ascending
geometric series,the solution is T(n) = ( n'°924) = | ( n?) | (This trick will not work in the
secondor third casesof the Master Theorem!)

Using the samerecursion-tree technique, we can also solve recurrenceswhere the Master The-
orem doesn't apply.

T(n) = 2T(n=2)+ n=lIgn

We can't apply the Master Theorem here, becauseaf (n=b = n=(Ign 1) isn't equal to
f (n) = n=Ign, but the di erence isn't a constart factor. Sowe needto compute ead of the
level sums and compute their total in someother way. It's not hard to seethat the sum of
all the nodesin the ith levelis n=(Ign i). In particular, this meansthe depth of the tree is
at mostign 1.

Ig)(\ 1 n jqnn
T(n) = - = — = NHgp = ( nlglgn)

i=0 lgn i j=1 )

Randomized quicksort: T(n) = T(3n=4) + T(n=4) + n

In this case,nodesin the samelevel of the recursion tree have di erent values. This makes
the tree lopsided; di erent leavesare at di erent levels. Howewer, it's not to hard to seethat
the nodesin any complete level (i.e., above any of the leaves) sum to n, so this is like the
last caseof the Master Theorem, and that ewery leaf has depth betweenlog, n and log,— n.
To derive an upper bound, we overestimate T(n) by ignoring the base casesand extending
the tree downward to the level of the despest leaf. Similarly, to derive a lower bound, we
overestimate T(n) by courting only nodesin the tree up to the level of the shallowest leaf.
These obsenations give us the upper and lower boundsnlog,n  T(n) nlog,—3n. Since

thesebound di er by only a constart factor, we have‘T(n) = ( nlogn) ‘

12
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Deterministic  selection: T(n) = T(n=5)+ T(7n=10) + n

Again, we have a lopsided recursion tree. If we look only at complete levels of the tree, we
nd that the level sumsform a descendinggeometricseriesT (n) = n+ 9n=10+ 81n=100+
sothis is like the rst caseof the master theorem. We can get an upper bound by ignoring
the basecasesentirely and growing the tree out to in nit y, and we can get a lower bound by
only courting nodesin complete levels. Either way, the geometric seriesis dominated by its

largestterm, so|T(n) = ( n) |

Ty =Pam 7Pm+n

In this case,we have a complete recursion tree, but the degree of the nodesis no longer
constart, sowe have to be a bit more careful. It's not hard to seethat the nodesin any
level sum to n, so this is like the third Master case. The depth L satis es the identity
n2" =2 (we can't get all the way down to 1 by taking squareroots), soL = Iglgn and

(T(n)= ( nigign) |
P

Ty =2°7 7P A+ n

We still have at most Iglgn levels, but now the nodesin level i sumto 2'n. We have an
increasing geometric seriesof level sums, like the secondMaster case,so T(n) is dominated

by the sum over the deepestlevel: T(n) = (2 '9'9"n) = | ( nlogn)

Ty =47 7P A+ n

Now the nodesin level i sumto 4'n. Again, we have an increasing geometric series, like the
secondMaster case,sowe only care about the leaves: T(n) = (4 '9'9"n) = | ( nlog?n) | Ick!

5 Transforming Recurrences

5.1 An analysis of mergesort: domain transformation

Previously we gave the recurrencefor mergesortas T (n) = 2T (n=2) + n, and obtained the solution
T(n) = ( nlogn) using the Master Theorem (or the recursion tree method if you, like me, can't
remenber the Master Theorem). This is ne is n is a power of two, but for other valuesvalues of
n, this recurrenceis incorrect. When n is odd, then the recurrencecalls for us to sort a fractional
number of elemens! Worse yet, if n is not a power of two, we will never reacd the base case
T(@)=0.

To get a recurrencethat's valid for all integersn, we needto carefully add ceilingsand o ors:

T(n) = T(dn=2e) + T(bn=2c) + n:

We have almost no hope of getting an exact solution here; the o ors and ceilings will evertually
kill us. Soinstead, let's just try to get a tight asymptotic upper bound for T(n) using a technique
called domain transformation. A domain transformation rewrites a function T(n) with a di cult
recurrence as a nested function S(f (n)), where f (n) is a simple function and S() has an easier
recurrence.

First we overestimate the time bound, once by pretending that the two subproblem sizesare
equal, and again to eliminate the ceiling:

T(n) 2T dn=2e +n 2T(n=2+ 1)+ n:

13
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Now we de ne a new function S(n) = T(n+ ), where is a unknown constart, chosenso that
S(n) satis es the Master-ready recurrenceS(n) 2S(n=2)+ O(n). To gure out the correct value
of , we comparetwo versionsof the recurrencefor the function T(n+ ):

S(n) 2S(n=2) + O(n)
T(n) 2T(n=2+ 1)+ n

) T(n+ ) 2T(n=2+ )+ O(n)
) T(n+ ) 2T((n+ )=2+1)+n+

For thesetwo recurrencesto be equal, we needn=2+ = (n+ )=2+ 1, which impliesthat = 2.
The Master Theorem now tells us that S(n) = O(nlogn), so

T(n)=S(n 2)=0(n 2)log(n 2))= O(nlogn):

A similar argumert givesa matching lower bound T(n) = ( nlogn). So‘T(n) = ( nlogn) ‘after
all, just asthough we had ignored the o ors and ceilings from the beginning!

Domain transformations are useful for removing o ors, ceilings, and lower order terms from the
argumerts of any recurrencethat otherwiselooks likeit ought to t either the Master Theorem or
the recursion tree method. But now that we know this, we don't needto bother grinding through
the actual gory details!

5.2 A lesstrivial example

There is a data structure in computational geometry called ham-sandwichtrees where the cost
of doing a certain seard operation obeysthe recurrenceT(n) = T(n=2) + T(n=4) + 1. This
doesn't t the Master theorem, becausethe two subBrobIems have di erent sizes,and using the
recursion tree method only givesus the loosebounds™ n  T(n) n.
Domain transformations save the day. If we de ne the new function t(k) = T(2), we have a
new recurrence
ttk)=t(k 1+t(k 2)+1

which should immediately remind you of Fib onaccinumbers. Sure enou%h_,after a bit of work, the
annihilator method givesus the solution t(k) = (), where = (1+ 5)=2 is the golden ratio.
This implies that

T(n) = tlgn)= ( 9" =] (9 )] ( noo29.

It's possibleto solve this recurrencewithout domain transformations and annihilatorsjin  fact,
the inventors of ham-sandwid trees did solbut it's much more di cult.

5.3 Secondary recurrences

Considerthe recurrenceT (n) = 2T(% 1) + n with the basecaseT (1) = 1. We already know
how to usedomain transformations to get the tight asymptotic bound T(n) = ( n), but how would
we we obtain an exact solution?

First we needto gure out how the parameter n changesas we get deeper and deeper into the
recurrence. For this we usea secondary recurrence. We de ne a sequencen; sothat

T(ni) = 2T(n; 1) + nj;

Son; is the argument of T() when we are i recursion stepsaway from the basecaseng = 1. The
original recurrencegivesus the following secondaryrecurrencefor nj:

n; 1=§ 1=) n=3n 3+3

14
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The annihilator for this recurrenceis (E 1)(E  3), so the generic solution is n; = 3 +
Plugging in the basecasesng = 1 and n; = 6, we get the exact solution
5 . 3
ni= - 3 =
T2 2

Notice that our original function T(n) is only well-de ned if n = n; for someintegeri 0.

Now to solve the original recurrence,we do a range transformation. If we sett; = T(n;), we
have the recurrencet; = 2t; 1+ 3 3 3, which by now we can solve using the annihilator method.
The annihilator of the recurrenceis (E  2)(E 3)(E 1), sothe genericsolutionis %'+ 2+ 0
Plugging in the basecasesto = 1, t; = 8, t, = 37, we get the exact solution

15 .3
ti= = 3 8 2+ =
) 2

Finally, we needto substitute to get a solution for the original recurrencein terms of n, by
inverting the solution of the secondaryrecurrence.lf n = n; = % 3 % then (after alittle algebra)
we have

i=lo 2n + 3
= 1003 5 5
Substituting this into the expressionfor tj, we get our exact, closed-formsolution.
15 .3
T(n)=—= 3 8 2+ =
= 15 g(ne3) g gos(3ned) , 3
2 2
_152 .3 o 2 3 '0932+3
2 5 5 5 5 2
2 3 |0g32
=3n 8 _—n+ +6
5 5

Isn't that special? Now you know why we stick to asymptotic bounds for most recurrences.
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