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B Fib onacci Heaps

B.1 Mergeable Heaps

A mergeable heap is a data structure that stores a collection of keys1 and supports the following
operations.

� Insert: Insert a new key into a heap. This operation can also be usedto create a new heap
containing just one key.

� FindMin: Return the smallest key in a heap.

� DeleteMin: Remove the smallest key from a heap.

� Merge: Merge two heapsinto one. The new heap contains all the keys that used to be in
the old heaps,and the old heapsare (possibly) destroyed.

If we never had to useDeleteMin , mergeableheapswould be completely trivial. Each \heap"
just stores to maintain the single record (if any) with the smallest key. Inser t s and Mer ges
require only one comparisonto decidewhich record to keep,so they take constant time. FindMin
obviously takesconstant time as well.

If we needDeleteMin , but we don't care how long it takes,we can still implement mergeable
heaps so that Inser t s, Mer ges, and FindMin s take constant time. We store the records in a
circular doubly-linked list, and keep a pointer to the minimum key. Now deleting the minimum
key takes �( n) time, sincewe have to scanthe linked list to �nd the new smallest key.

In this lecture, I'll describe a data structure called a Fibonacci heap that supports Inser t s,
Mer ges, and FindMin s in constant time, even in the worst case,and alsohandlesDeleteMin in
O(log n) amortized time. That meansthat any sequenceof n Inser t s, m Mer ges, f FindMin s,
and d DeleteMin s takesO(n + m + f + d logn) time.

B.2 Binomial Trees and Fib onacci Heaps

A Fibonacci heap is a circular doubly linked list, with a pointer to the minimum key, but the
elements of the list are not single keys. Instead, we collect keys together into structures called
binomial heaps. Binomial heaps are trees2 that satisfy the heap property | every node has a
smaller key than its children | and have the following special structure.

B
4
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Binomial trees of order 0 through 5.

1 In the earlier lecture on treaps, I called these keys priorities to distinguish them from search keys.
2CLR usesthe name `binomial heap' to describe a more complicated data structure consisting of a set of heap-

ordered binomial trees, with at most one binomial tree of each order.
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A kth order binomial tree, which I'll abbreviate B k , is de�ned recursively. B0 is a single node.
For all k > 0, Bk consistsof two copiesof B k� 1 that have beenlinked together, meaning that the
root of one Bk� 1 has becomea new child of the other root.

Binomial treeshave several useful properties, which are easyto prove by induction (hint, hint).

� The root of Bk has degreek.

� The children of the root of B k are the roots of B0; B1; : : : ; Bk� 1.

� Bk has height k.

� Bk has 2k nodes.

� Bk can be obtained from Bk� 1 by adding a new child to every node.

� Bk has
� k

d

�
nodesat depth d, for all 0 � d � k.

� Bk has 2k� h� 1 nodeswith height h, for all 0 � h < k, and onenode (the root) with height k.

Although we normally don't care in this classabout the low-level details of data structures, we
need to be speci�c about how Fibonacci heapsare actually implemented, so that we can be sure
that certain operations can be performed quickly. Every node in a Fibonacci heap points to four
other nodes: its parent, its `next' sibling, its `previous' sibling, and one of its children. The sibling
pointers are usedto join the roots together into a circular doubly-linked root list. In each binomial
tree, the children of each node are also joined into a circular doubly-linked list using the sibling
pointers.

min
min

A high-levelview and a detailed view of the sameFibonacci heap. Null pointers are omitted for clarity.

With this representation, we can add or remove nodes from the root list, merge two root lists
together, link onetwo binomial tree to another, or mergea node's list of children with the root list,
in constant time, and we can visit every node in the root list in constant time per node. Having
establishedthat theseprimitiv e operations can be performed quickly, we never again needto think
about the low-level representation details.

B.3 Op erations on Fib onacci Heaps

The Inser t , Mer ge, and FindMin algorithms for Fibonacciheapsare exactly like the correspond-
ing algorithms for linked lists. Sincewe maintain a pointer to the minimum key, FindMin is trivial.
To insert a new key, we add a singlenode (which we should think of asa B 0) to the root list and (if
necessary)update the pointer to the minimum key. To mergetwo Fibonacci heaps,we just merge
the two root lists and keepthe pointer to the smaller of the two minimum keys. Clearly, all three
operations take O(1) time.
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Deleting the minimum key is a little more complicated. First, we remove the minimum key
from the root list and splice its children into the root list. Except for updating the parent pointers,
this takesO(1) time. Then we scanthrough the root list to �nd the new smallest key and update
the parent pointers of the new roots. This scancould take �( n) time in the worst case. To bring
down the amortized deletion time, we apply a Cleanup algorithm, which links pairs of equal-size
binomial heapsuntil there is only one binomial heap of any particular size.

Let me describe the Cleanup algorithm in more detail, so we can analyze its running time.
The following algorithm maintains a global array B [1:: blg nc], where B [i ] is a pointer to some
previously-visited binomial heap of order i , or Null if there is no such binomial heap. Notice that
Cleanup simultaneously resetsthe parent pointers of all the new roots and updatesthe pointer to
the minimum key. I'v e split o� the part of the algorithm that mergesbinomial heapsof the same
order into a separatesubroutine Mer geDupes .

Cleanup :
newmin  somenode in the root list
for i  0 to blg nc

B [i ]  Null

for all nodesv in the root list
parent(v)  Null (?)
if key(newmin) > key(v)

newmin  v
Mer geDupes (v)

Mer geDupes (v):
w  B [deg(v)]
while w 6= Null

B [deg(v)]  Null
if key(v) � key(w)

swap v � w
remove w from the root list (??)
link w to v
w  B [deg(v)]

B [deg(v)]  v

B
0 1 2 3

v B
0 1 2 3

v B
0 1 2 3

v

Mer geDupes (v), ensuringthat no earlier root has the samedegreeas v.

Notices that Mer geDupes is careful to mergeheapssothat the heapproperty is maintained|
the heapwhoseroot has the larger key becomesa new child of the heapwhoseroot has the smaller
key. This is handled by swapping v and w if their keys are in the wrong order.

The running time of Cleanup is O(r 0), where r 0 is the length of the root list just before
Cleanup is called. The easiestway to seethis is to count the number of times the two starred lines
can be executed: line (?) is executedoncefor every node v on the root list, and line (??) is executed
at most once for every node w on the root list. Since DeleteMin does only a constant amount
of work before calling Cleanup , the running time of DeleteMin is O(r 0) = O(r + deg(min))
where r is the number of roots beforeDeleteMin begins,and min is the node deleted.

Although deg(min) is at most lg n, we can still have r = �( n) (for example, if nothing hasbeen
deleted yet), so the worst-casetime for a DeleteMin is �( n). After a DeleteMin , the root list
has length O(log n), since all the binomial heapshave unique orders and the largest has order at
most blg nc.

B.4 Amortized Analysis of DeleteMin

To bound the amortized cost, observe that each insertion increments r . If we charge a constant
`cleanup tax' for each insertion, and use the collected tax to pay for the Cleanup algorithm, the
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unpaid cost of a DeleteMin is only O(deg(min)) = O(log n).
More formally, de�ne the potential of the Fibonacci heap to be the number of roots. Recall

that the amortized time of an operation can be de�ned as its actual running time plus the increase
in potential, provided the potential is initially zero (it is) and we never have negative potential
(we never do). Let r be the number of roots before a DeleteMin , and let r 00denote the number
of roots afterwards. The actual cost of DeleteMin is r + deg(min ), and the number of roots
increasesby r 00� r , so the amortized cost is r 00+ deg(min). Sincer 00= O(log n) and the degreeof
any node is O(log n), the amortized cost of DeleteMin is O(log n).

Each Inser t adds only one root, so its amortized cost is still constant. A Mer ge actually
doesn't change the number of roots, since the new Fibonacci heap has all the roots from its con-
stituents and no others, so its amortized cost is also constant.

B.5 Decreasing Keys

In someapplications of heaps,we also needthe abilit y to delete an arbitrary node. The usual way
to do this is to decreasethe node's key to �1 , and then useDeleteMin . Here I'll describe how
to decreasethe key of a node in a Fibonacci heap; the algorithm will take O(log n) time in the
worst case,but the amortized time will be only O(1).

Our algorithm for decreasingthe key at a node v follows two simple rules.

1. Promote v up to the root list. (This moves the whole subtree rooted at v.)

2. As soon as two children of any node w have beenpromoted, immediately promote w.

In order to enforcethe secondrule, we now mark certain nodesin the Fibonacciheap. Speci�cally ,
a node is marked if exactly one of its children has beenpromoted. If somechild of a marked node
is promoted, we promote (and unmark) that node as well. Whenever we promote a marked node,
we unmark it; this is theonly way to unmark a node. (Speci�cally , splicing nodesinto the root list
during a DeleteMin is not considereda promotion.)

Here's a more formal description of the algorithm. The input is a pointer to a node v and the
new value k for its key.

DecreaseKey (v; k):
key(v)  k
update the pointer to the smallest key
Pr omote (v)

Pr omote (v):
unmark v
if parent(v) 6= Null

remove v from parent(v)'s list of children
insert v into the root list
if parent(v) is marked

Pr omote (parent(v))
else

mark parent(v)

The Pr omote algorithm calls itself recursively, resulting in a `cascadingpromotion'. Each
consecutive marked ancestorof v is promoted to the root list and unmarked, otherwiseunchanged.
The lowest unmarked ancestor is then marked, sinceone of its children has beenpromoted.
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Decreasingthe keysof four nodes: �rst f , then d, then j , and �nally h. Dark nodesare marked.
DecreaseKey (h) causesnodesb and a to be recursivelypromoted.

The time to decreasethe key of a nodev is O(1+ #consecutive marked ancestorsof v). Binomial
heapshave logarithmic depth, so if we still had only full binomial heaps,the running time would
be O(log n). Unfortunately, promoting nodes destroys the nice binomial tree structure; our trees
no longer have logarithmic depth! In fact, DecreaseKey runs in �( n) time in the worst case.

To compute the amortized cost of DecreaseKey , we'll use the potential method, just as we
did for DeleteMin . We needto �nd a potential function � that goesup a little whenever we do
a little work, and goesdown a lot whenever we do a lot of work. DecreaseKey unmarks several
marked ancestorsand possibly also marks one node. So the number of marked nodes might be an
appropriate potential function here. Whenever we do a little bit of work, the number of marks goes
up by at most one; whenever we do a lot of work, the number of marks goesdown a lot.

More precisely, let m and m0 be the number of marked nodesbeforeand after a DecreaseKey
operation. The actual time (ignoring constant factors) is

t = 1 + #consecutive marked ancestorsof v

and if we set � = m, the increasein potential is

m0� m � 1 � #consecutive marked ancestorsof v:

Sincet + �� � 2, the amortized cost of DecreaseKey is O(1) .

B.6 Bounding the Degree

But now we have a problem with our earlier analysis of DeleteMin . The amortized time for a
DeleteMin is still O(r + deg(min)). To show that this equaledO(log n), we usedthe fact that the
maximum degreeof any node is O(log n), which implies that after a Cleanup the number of roots
is O(log n). But now that we don't have complete binomial heaps,this `fact' is no longer obvious!

So let's prove it. For any node v, let jvj denote the number of nodes in the subtree of v,
including v itself. Our proof usesthe following lemma, which �nal ly tells us why these things are
called Fibonacci heaps.

Lemma 1. For any node v in a Fibonacci heap, jvj � Fdeg(v)+2 .

Pro of: Label the children of v in the chronological order in which they were linked to v. Consider
the situation just before the i th oldest child wi was linked to v. At that time, v had at least i � 1
children (possibly more). SinceCleanup only links trees with the samedegree,we had deg(w i ) =
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deg(v) � i � 1. Since that time, at most one child of wi has beenpromoted away; otherwise, wi

would have beenpromoted to the root list by now. So currently we have deg(w i ) � i � 2.
We also quickly observe that deg(wi ) � 0. (Duh.)
Let sd be the minimum possiblesize of a tree with degreed in any Fibonacci heap. Clearly

s0 = 1; for notational convenience,let s� 1 = 1 also. By our earlier argument, the i th oldest child
of the root has degreeat least maxf 0; i � 2g, and thus has sizeat least maxf 1; si � 2g = si � 2. Thus,
we have the following recurrence:

sd � 1 +
dX

i =1

si � 2

If we assumeinductiv ely that si � Fi +2 for all � 1 � i < d (with the easybasecasess� 1 = F1 and
s0 = F2), we have

sd � 1 +
dX

i =1

Fi = Fd+2 :

(The last step was a practice problem in Homework 0.) By de�nition, jvj � sdeg(v) . �

You can easily show (using either induction or the annihilator method) that Fk+2 > � k where
� = 1+

p
5

2 � 1:618 is the golden ratio. Thus, Lemma 1 implies that

deg(v) � log� jvj = O(logjvj):

Thus, sincethe sizeof any subtree in an n-node Fibonacci heap is obviously at most n, the degree
of any node is O(log n), which is exactly what we wanted. Our earlier analysis is still good.

B.7 Analyzing Everything Together

Unfortunately, our analysesof DeleteMin and DecreaseKey usedtwo di�eren t potential func-
tions. Unlesswe can �nd a single potential function that works for both operations, we can't claim
both amortized time bounds simultaneously. So we need to �nd a potential function � that goes
up a little during a cheap DeleteMin or a cheap DecreaseKey , and goesdown a lot during an
expensive DeleteMin or an expensive DecreaseKey .

Let's look a little more carefully at the cost of each Fibonacci heap operation, and its e�ect
on both the number of roots and the number of marked nodes, the things we used as out earlier
potential functions. Let r and m be the numbers of roots and marks before each operation, and
let r 0 and m0 be the numbers of roots and marks after the operation.

operation actual cost r 0� r m0 � m
Inser t 1 1 0
Mer ge 1 0 0

DeleteMin r + deg(min ) r 0� r 0
DecreaseKey 1 + m � m0 1 + m � m0 m0 � m

In particular, notice that promoting a node in DecreaseKey requiresconstant time and increases
the number of roots by one, and that we promote (at most) one unmarked node.

If we guessthat the correct potential function is a linear combination of our old potential
functions r and m and play around with various possibilities for the coe�cien ts, we will eventually
stumble acrossthe correct answer:

� = r + 2m
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To seethat this potential function givesus good amortized bounds for every Fibonacci heap oper-
ation, let's add two more columns to our table.

operation actual cost r 0� r m0 � m � 0� � amortized cost
Inser t 1 1 0 1 2
Mer ge 1 0 0 0 1

DeleteMin r + deg(min) r 0� r 0 r 0� r r 0+ deg(min)
DecreaseKey 1 + m � m0 1 + m � m0 m0 � m 1 + m0� m 2

SinceLemma 1 implies that r 0+ deg(min) = O(log n), we're �nally done! (Whew!)

B.8 Fib onacci Trees

To give you a little more intuition about how Fibonacci heapsbehave, let's look at a worst-case
construction for Lemma 1. Supposewe want to remove as many nodesas possiblefrom a binomial
heap of order k, by promoting various nodes to the root list, but without causing any cascading
promotions. The most damagewe can do is to promote the largest subtree of every node. Call the
result a Fibonacci tree of order k + 1, and denote it f k+1 . As a basecase,let f 1 be the tree with
one (unmarked) node, that is, f 1 = B0. The reasonfor shifting the index should be obvious after
a few seconds.

Fibonacci trees of order 1 through 6. Light nodeshavebeenpromoted away; dark nodesare marked.

Recall that the root of a binomial tree B k has k children, which are roots of B0; B1; : : : ; Bk� 1.
To convert Bk to f k+1 , we promote the root of B k� 1, and recursively convert each of the other
subtreesB i to f i +1 . The root of the resulting tree f k+1 has degreek � 1, and the children are the
roots of smaller Fibonacci trees f 1; f 2; : : : ; f k� 1. We can also consider B k as two copiesof Bk� 1

linked together. It's quite easyto show that an order-k Fibonacci tree consistsof an order k � 2
Fibonacci tree linked to an order k � 1 Fibonacci tree. (Seethe picture below.)
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Comparing the recursivestructures of B 6 and f 7 .

Sincef 1 and f 2 both have exactly one node, the number of nodes in an order-k Fibonacci tree
is exactly the kth Fibonacci number! (That's why we changed in the index.) Like binomial trees,
Fibonacci trees have lots of other nice properties that easyto prove by induction (hint, hint):

� The root of f k has degreek � 2.

� f k can be obtained from f k� 1 by adding a new unmarked child to every marked node and
then marking all the old unmarked nodes.
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� f k has height dk=2e � 1.

� f k has Fk� 2 unmarked nodes,Fk� 1 marked nodes,and thus Fk nodesaltogether.

� f k has
� k� d� 2

d� 1

�
unmarked nodes,

� k� d� 2
d

�
marked nodes,and

� k� d� 1
d

�
total nodesat depth d,

for all 0 � d � bk=2c � 1.

� f k has Fk� 2h� 1 nodeswith height h, for all 0 � h � bk=2c � 1, and one node (the root) with
height dk=2e � 1.
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