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D More String Matc hing

D.1 Redundan t Comparisons

Let's go back to the character-by-character method for string matching. Supposewe are looking for
the pattern `ABRACADABRA' in somelonger text using the (almost) brute force algorithm described
in the previous lecture. Supposealso that when s = 11, the substring comparisonfails at the �fth
position; the corresponding character in the text (just after the vertical line below) is not a C. At
this point, our algorithm would increment s and start the substring comparisonfrom scratch.

HOCUSPOCUSABRABRACADABRA...
ABRA/CADABRA
ABRACADABRA

If we look carefully at the text and the pattern, however, we should notice right away that
there's no point in looking at s = 12. We already know that the next character is a B | after all,
it matched P[2] during the previous comparison | so why bother even looking there? Likewise,
we already know that the next two shifts s = 13 and s = 14 will also fail, so why bother looking
there?

HOCUSPOCUSABRABRACADABRA...
ABRA/CADABRA
/ABRACADABRA
/ABRACADABRA
ABRACADABRA

Finally, when we get to s = 15, we can't immediately rule out a match basedon earlier com-
parisons. However, for preciselythe samereason,we shouldn't start the substring comparisonover
from scratch | we already know that T[15] = P[4] = A. Instead, we should start the substring
comparison at the second character of the pattern, since we don't yet know whether or not it
matches the corresponding text character.

If you play with this idea long enough, you'll notice that the character comparisonsshould
always advancethrough the text. Once we'v e found a matc h for a text character, we never
need to do another comparison with that character again. In other words, we should be
able to optimize the brute-force algorithm so that it always advances through the text.

You'll also eventually notice a good rule for �nding the next `reasonable'shift s. A pre�x of a
string is a substring that includes the �rst character; a su�x is a substring that includes the last
character. A pre�x or su�x is proper if it is not the entire string. Supposewe have just discovered
that T[i ] 6= P[j ]. The next reasonable shift is the smallest value of s such that T [s :: i � 1],
whic h is a su�x of the previously-read text, is also a prop er pre�x of the pattern.

In this lecture, we'll describe a string matching algorithm, published by Donald Knuth, James
Morris, and Vaughn Pratt in 1977,that implements both of theseideas.

D.2 Finite State Mac hines

If we have a string matching algorithm that follows our �rst observation (that we always advance
through the text), we can interpret it as feeding the text through a special type of �nite-state
machine. A �nite state machine is a directed graph. Each node in the graph, or state, is labeled
with a character from the pattern, except for two special nodes labeled $
 and !

 . Each node has
two outgoing edges,a successedgeand a failure edge. The successedgesde�ne a path through the
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characters of the pattern in order, starting at $
 and ending at !

 . Failure edgesalways point to
earlier characters in the pattern.

A
B

A R

A

C

A
D

A

B

R

$!

A �nite state machinefor the string `ABRADACABRA'.
Thick arrows are the successedges;thin arrows are the failure edges.

We use the �nite state machine to search for the pattern as follows. At all times, we have
a current text character T[i ] and a current node in the graph, which is usually labeled by some
pattern character P[j ]. We iterate the following rules:

� If T [i ] = P[j ], or if the current label is $
 , follow the successedge to the next node and
increment i . (So there is no failure edgefrom the start node $
 .)

� If T [i ] 6= P[j ], follow the failure edgeback to an earlier node, but do not changei .

For the moment, let's simply assumethat the failure edgesare de�ned correctly|w e'll come
back to this later. If we ever reach the node labeled !

 , then we've found an instanceof the pattern
in the text, and if we run out of text characters (i > n) beforewe reach !

 , then there is no match.

The �nite state machine is really just a (very!) convenient metaphor. In a real implementation,
we would not construct the entire graph. Since the successedgesalways go through the pattern
characters in order, we only have to remember where the failure edgesgo. We can encode this
failure function in an array f ail [1:: n], so that for each j there is a failure edge from node j to
node f ail [j ]. Following a failure edgeback to an earlier state exactly corresponds, in our earlier
formulation, to shifting the pattern forward. The failure function f ail [j ] tells us how far to shift
after a character mismatch T[i ] 6= P[j ].

Here's what the actual algorithm looks like:

KnuthMorrisPra tt (T [1:: n]; P[1:: m]):
j  1
for i  1 to n

while j > 0 and T[i ] 6= P[j ]
j  f ail [j ]

if j = m hhFound it! ii
return i � m + 1

j  j + 1
return `none'

Before we discusscomputing the failure function, let's analyze the running time of Knuth-
MorrisPra tt under the assumption that a correct failure function is already known. At each
character comparison, either we increase i and j by one, or we decreasej and leave i alone.
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We can increment i at most n � 1 times before we run out of text, so there are at most n � 1
successfulcomparisons.Similarly, there can be at most n � 1 failed comparisons,sincethe number
of times we decreasej cannot exceedthe number of times we increment j . In other words, we
can amortize character mismatches against earlier character matches. Thus, the total number of
character comparisonsperformed by KnuthMorrisPra tt in the worst caseis O(n).

D.3 Computing the Failure Function

We can now rephrase our second intuitiv e rule about how to choose a reasonableshift after a
character mismatch T[i ] 6= P[j ]:

P[1:: f ail [j ] � 1] is the longest proper pre�x of P[1:: j � 1] that is also a su�x of T[1:: i � 1].

Notice, however, that if we are comparing T[i ] against P[j ], then we must have already matched
the �rst j � 1 characters of the pattern. In other words, we already know that P[1:: j � 1] is a
su�x of T[1:: i � 1]. Thus, we can rephrasethe pre�x-su�x rule as follows:

P[1:: f ail [j ] � 1] is the longest proper pre�x of P[1:: j � 1] that is also a su�x of P[1:: j � 1].

This is the de�nition of the Knuth-Morris-Pratt failure function f ail [j ] for all j > 1.1 By convention
we set f ail [1] = 0; this tells the KMP algorithm that if the �rst pattern character doesn't match,
it should just give up and try the next text character.

P[i ] A B R A C A D A B R A
f ail [i ] 0 1 1 1 2 1 2 1 2 3 4

Failure function for the string `ABRACADABRA'
(Compare with the �nite state machineon the previouspage.)

We could easily compute the failure function in O(m3) time by checking, for each j , whether
every pre�x of P[1:: j � 1] is also a su�x of P[1:: j � 1], but this is not the fastest method. The
following algorithm essentially usesthe KMP search algorithm to look for the pattern inside itself !

ComputeF ailure (P[1:: m]):
j  0
for i  1 to m

f ail [i ]  j (� )
while j > 0 and P[i ] 6= P[j ]

j  f ail [j ]
j  j + 1

Here's an example of this algorithm in action. In each line, the current values of i and j are
indicated by superscripts; $ represents the beginning of the string. (You should imagine pointing
at P[j ] with your left hand and pointing at P[i ] with your right hand, and moving your �ngers
according to the algorithm's directions.)

1CLR de�nes a similar pre�x function , denoted � [j ], as follows:

P [1 :: � [j ]] is the longest proper pre�x of P [1 :: j ] that is also a su�x of P [1 :: j ].

These two functions are not the same, but they are related by the simple equation � [j ] = f ail [j + 1] � 1. The
o�-b y-one di�erence between the two functions adds a few extra +1s to CLR's version of the algorithm.
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j  0, i  1 $j Ai B R A C A D A B R X . . .
f ail [i ]  j 0 . . .
j  j + 1, i  i + 1 $ Aj Bi R A C A D A B R X . . .
f ail [i ]  j 0 1 . . .
j  f ail [j ] $j A Bi R A C A D A B R X . . .
j  j + 1, i  i + 1 $ Aj B Ri A C A D A B R X . . .
f ail [i ]  j 0 1 1 . . .
j  f ail [j ] $j A B Ri A C A D A B R X . . .
j  j + 1, i  i + 1 $ Aj B R Ai C A D A B R X . . .
f ail [i ]  j 0 1 1 1 . . .
j  j + 1, i  i + 1 $ A Bj R A Ci A D A B R X . . .
f ail [i ]  j 0 1 1 1 2 . . .
j  f ail [j ] $ Aj B R A Ci A D A B R X . . .
j  f ail [j ] $j A B R A Ci A D A B R X . . .
j  j + 1, i  i + 1 $ Aj B R A C Ai D A B R X . . .
f ail [i ]  j 0 1 1 1 2 1 . . .
j  j + 1, i  i + 1 $ A Bj R A C A Di A B R X . . .
f ail [i ]  j 0 1 1 1 2 1 2 . . .
j  f ail [j ] $ Aj B R A C A Di A B R X . . .
j  f ail [j ] $j A B R A C A Di A B R X . . .
j  j + 1, i  i + 1 $ Aj B R A C A D Ai B R X . . .
f ail [i ]  j 0 1 1 1 2 1 2 1 . . .
j  j + 1, i  i + 1 $ A Bj R A C A D A Bi R X . . .
f ail [i ]  j 0 1 1 1 2 1 2 1 2 . . .
j  j + 1, i  i + 1 $ A B Rj A C A D A B Ri X . . .
f ail [i ]  j 0 1 1 1 2 1 2 1 2 3 . . .
j  j + 1, i  i + 1 $ A B R Aj C A D A B R Xi . . .
f ail [i ]  j 0 1 1 1 2 1 2 1 2 3 4 . . .
j  f ail [j ] $ Aj B R A C A D A B R Xi . . .
j  f ail [j ] $j A B R A C A D A B R Xi . . .

ComputeF ailure in action. Do this yourself by hand.

Just as we did for KnuthMorrisPra tt , we can analyze ComputeF ailure by amortizing
character mismatches against earlier character matches. Since there are at most m character
matches,ComputeF ailure runs in O(m) time.

Let's prove (by induction, of course) that ComputeF ailure correctly computes the failure
function. The basecasef ail [1] = 0 is obvious. Assuming inductiv ely that we correctly computed
f ail [1] through f ail [i ] in line (� ), we needto show that f ail [i + 1] is alsocorrect. Just after the i th
iteration of line (� ), we have j = f ail [i ], so P[1:: j � 1] is the longest proper pre�x of P[1:: i � 1]
that is also a su�x.

Let's de�ne the iterated failure functions f ail c[j ] inductiv ely as follows: f ail 0[j ] = j , and

f ail c[j ] = f ail [f ail c� 1[j ]] =

c
z }| {
f ail [f ail [� � � [f ail [j ]] � � � ]]:

In particular, if f ail c� 1[j ] = 0, then f ail c[j ] is unde�ned. We can easily show by induction (see
[CLR, p.872]) that every string of the form P[1:: f ail c[j ] � 1] is both a proper pre�x and a proper
su�x of P[1:: i � 1], and in fact, theseare the only examples.Thus, the longestproper pre�x/su�x
of P[1:: i ] must be the longest string of the form P[1:: f ail c[j ]] | i.e., the one with smallest c |
such that P[f ail c[j ]] = P[i ]. This is exactly what the while loop in ComputeF ailure computes;
the (c + 1)th iteration comparesP[f ail c[j ]] = P[f ail c+1 [i ]] against P[i ]. ComputeF ailure is
actually a dynamic programming implementation of the following recursive de�nition of f ail [i ]:

f ail [i ] =

8
<

:

0 if i = 0,

max
c� 1

�
f ail c[i � 1] + 1

�
� P[i � 1] = P[f ail c[i � 1]]

	
otherwise.
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D.4 Optimizing the Failure Function

We canspeedup KnuthMorrisPra tt slightly by making onesmall changeto the failure function.
Recall that after comparing T[i ] against P[j ] and �nding a mismatch, the algorithm comparesT[i ]
against P[f ail [j ]]. With the current de�nition, however, it is possiblethat P[j ] and P[f ail [j ]] are
actually the samecharacter, in which casethe next character comparison will automatically fail.
So why do the comparisonat all?

We can optimize the failure function by `short-circuiting' these redundant comparisonswith
somesimple post-processing:

OptimizeF ailure (P[1:: m]; f ail [1:: m]):
for i  2 to m

if P[i ] = P[f ail [i ]]
f ail [i ]  f ail [f ail [i ]]

We can also compute the optimized failure function directly by adding three new lines (in bold) to
the ComputeF ailure function.

ComputeOptF ailure (P[1:: m]):
j  0
for i  1 to m

if P [i ] = P [j ]
f ail [i ]  f ail [j ]

else
f ail [i ]  j

while j > 0 and P[i ] 6= P[j ]
j  f ail [j ]

j  j + 1

This optimization slows down the preprocessingslightly, but it may signi�cantly decreasethe
number of comparisonsat each text character. The worst-caserunning time is still O(n); however,
the constant is about half as big as for the unoptimized version, so this could be a signi�cant
improvement in practice.

A
B

A R

A

C

A
D

A

B

R

$!

Optimized �nite state machinefor the string `ABRADACABRA'

P [i ] A B R A C A D A B R A
f ail [i ] 0 1 1 0 2 0 2 0 1 1 0

Optimized failure function for `ABRACADABRA', with changesin bold.

Here are the unoptimized and optimized failure functions for a few more patterns:
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P[i ] A N A N A B A N A N A N A
unoptimized f ail [i ] 0 1 1 2 3 4 1 2 3 4 5 6 5
optimized f ail [i ] 0 1 0 1 0 4 0 1 0 1 0 6 0

Failure functions for `ANANABANANANA'.

P [i ] A B A B C A B A B C A B C
unoptimized f ail [i ] 0 1 1 2 3 1 2 3 4 5 6 7 8
optimized f ail [i ] 0 1 0 1 3 0 1 0 1 3 0 1 8

Failure functions for `ABABCABABCABC'.

P [i ] A B B A B B A B A B B A B
unoptimized f ail [i ] 0 1 1 1 2 3 4 5 6 2 3 4 5
optimized f ail [i ] 0 1 1 0 1 1 0 1 6 1 1 0 1

Failure functions for `ABBABBABABBAB'.

P [i ] A A A A A A A A A A A A B
unoptimized f ail [i ] 0 1 2 3 4 5 6 7 8 9 10 11 12
optimized f ail [i ] 0 0 0 0 0 0 0 0 0 0 0 0 12

Failure functions for `AAAAAAAAAAAAB'.
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