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Number Six: What do you want?

Number Two: Information!

Number Six: Whose side are you on?

Number Two: That would be telling. We want information!

Number Six: You won’t get it!

Number Two: By hook or by crook, we will!

| Opening sequenceof `The Prisoner' (1967{68)

H Lower Bounds

H.1 What A re Lower Bounds?

Sofar in this classwe'vebeendevelopingalgorithms and data structures for solving certain problems
and analyzing their time and spacecomplexity.

Let TA (X ) denotethe running of algorithm A given input X . Then the worst-caserunning time
of A for inputs of sizen is de�ned as follows:

TA (n) = max
jX j= n

�
TA (X )

�
:

The worst-casecomplexity of a problem � is the worst-caserunning time of the fastest algorithm
for solving it:

T� (n) = min
A solves �

�
TA (n)

�
= min

A solves �

�
max
jX j= n

�
TA (X )

�
�

:

Now supposewe've shown that the worst-caserunning time of an algorithm A is O(f (n)). Then
we immediately have an upper bound for the complexity of �:

T� (n) ≤ TA (n) = O(f (n)) :

The faster our algorithm, the better our upper bound. In other words, when we give a running
time for an algorithm, what we're really doing | and what most theoretical computer scientists
devote their entire careersdoing1 | is bragging about how easy someproblem is.

Starting with this lecture, we've turned the tables. Instead of braggingabout how easyproblems
are, now we're arguing that certain problemsare hard by proving lower bounds on their complexity.
This is a little harder, becauseit's no longer enoughto examine a single algorithm. To show that
T� (n) = 
( f (n)), we have to prove that every algorithm that solves � has a worst-caserunning
time 
( f (n)), or equivalently, that no algorithm runs in o(f (n)) time.

1This sometimes leads to long sequences of results that sound like an obscure version of “Name that Tune”:

Lennes: “I can triangulate that polygon in O(n2) time.”
Shamos: “I can triangulate that polygon in O(n log n) time.”
Tarjan: “I can triangulate that polygon in O(n log log n) time.”
Seidel: “I can triangulate that polygon in O(n log�

n) time.”
[Audience gasps.]
Chazelle: “I can triangulate that polygon in O(n) time.”
[Audience gasps and applauds.]
“Triangulate that polygon!”
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H.2 Decision Trees

Unfortunately, there is no formal de�nition of the phrase`all algorithms' !2 Sowhen we derive lower
bounds, we �rst have to specify, formally, what an algorithm is and how to measureits running
time. This speci�cation is called a model of computation.

One rather powerful model of computation is decision trees. A decision tree is (as the name
suggests)a tree. Each internal node in the tree is labeledby a query, which is just a questionabout
the input. The edgesout of a node correspond to the various answers to the query. Each leaf of
the tree is labeled with an output. To compute with a decisiontree, start at the root and follow a
path down to a leaf. At each internal node, the answer to the query tells you which node to visit
next. When you reach a leaf, output its label.

For example,the guessinggamewhereonepersonthinks of an animal and the other persontries
to �gure it out with a seriesof yes/no questionscan be modeled as a decision tree. Each internal
node is labeled with a question and has two edgeslabeled `yes' and `no'. Each leaf is labeled with
an animal.

Does it live in the water?

Does it have scales? Does it have more than four legs?

Fish Frog

Mosquito Centipede

Does it have wings?

EagleGnu

Does it have wings?

YES

YES YES

YES YES

NO

NO NO

NO NO

A decisiontree to chooseone of six animals.

Here's another simple example, called the dictionary problem. Let A be a �xed array with
n numbers. Supposewant to determine, given a number x, the position of x in the array A, if
any. One solution to the dictionary problem is to sort A (remembering every element's original
position) and then usebinary search. The (implicit) binary search tree can be usedalmost directly
as a decision tree. Each internal node the the search tree stores a key k; the corresponding node
in the decision tree stores the question `Is x < k?'. Each leaf in the search tree storessomevalue
A[i ]; the corresponding node in the decision tree asks`Is x = A[i ]?' and has two leaf children, one
labeled ì ' and the other `none'.
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x<17?

NOYES
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YES NO

NOYESNOYES
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x<11?

x<5?

x<7?x<3? x<13? x<19?
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x=3?x=2? x=5? x=7? x=11? x=13? x=17? x=19?

NO

NOYES
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YES

NO NO

NO

1 2 3 4 5 6 7 8- - - - - - - -

Left: A binary search tree for the �rst eight primes.
Right: The corresponding binary decisiontree for the dictionary problem (� = `none').

2Complexity-theory purists might argue that ‘all algorithms’ is just a synonym for ‘all Turing machines’. (If you
want to know what a Turing machine is, take 375.) In my opinion, this is nonsense. Or it might not be nonsense,
but it isn’t a particularly useful definition. Turing machines are just another model of computation.
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We define the running time of a decision tree algorithm for a given input to be the number of
queries in the path from the root to the leaf. For example, in the `Guessthe animal' tree above,
T(frog) = 2. Thus, the worst-caserunning time of the algorithm is just the depth of the tree. This
de�nition ignoresother kinds of operations that the algorithm might perform that have nothing to
do with the queries. (Even the most e�cien t binary search problem requiresmore than onemachine
instruction per comparison!) But the number of decisionsis certainly a lower bound on the actual
running time, which is good enoughto prove a lower bound on the complexity of a problem.

Both of the examplesdescribe binary decision trees, where every query has only two answers.
We may sometimeswant to considerdecisiontrees with higher degree.For example,we might use
queries like `Is x greater than, equal to, or less than y?' or `Are these three points in clockwise
order, colinear, or in counterclockwise order?' A k-ary decision tree is one where every query has
(at most) k di�eren t answers. From now on, I will only consider k-ary decision trees where

k is a constant.

H.3 Information Theory

Most lower bounds for decisiontrees are basedon the following simple observation: the answers to

the queries must give you enough information to specify any possible output. If a problem has N
di�eren t outputs, then obviously any decision tree must have at least N leaves. (It's possiblefor
several leaves to specify the sameoutput.) Thus, if every query has at most k possibleanswers,
then the depth of the decisiontree must be at least dlogk N e = 
(log N ).

Let's apply this to the dictionary problem for a set S of n numbers. Since there are n + 1
possibleoutputs, any decisiontree must have at least n + 1 leaves,and thus any decisiontree must
have depth at least dlogk(n + 1)e = 
(log n). So the complexity of the dictionary problem, in
the decision-treemodel of computation, is 
(log n). This matches the upper bound O(log n) that
comesfrom a perfectly-balancedbinary search tree. That meansthat the standard binary search
algorithm, which runs in O(log n) time, is optimal |there is no faster algorithm in this model of
computation.

H.4 But wait a second. . .

We can solve the membership problem in O(1) expectedtime using hashing. Isn't this inconsistent
with the 
(log n) lower bound?

No, it isn't. The reason is that hashing involves a query with more than a constant number
of outcomes,speci�cally `What is the hash value of x?' In fact, if we don't restrict the degreeof
the decision tree, we can get constant running time even without hashing, by using the obviously
unreasonablequery `For which index i (if any) is A[i ] = x?'. No, I am not cheating | remember
that the decisiontree model allows us to ask any question about the input!

This example illustrates a common theme in proving lower bounds: choosing the right model

of computation is absolutely crucial. If you choose a model that is too powerful, the problem
you're studying may have a completely trivial algorithm. On the other hand, if you considermore
restrictiv e models, the problem may not be solvable at all, in which caseany lower bound will be
meaningless!(In this class,we'll just tell you the right model of computation to use.)

H.5 Sorting

Now let's considerthe sorting problem | Given an array of n numbers,arrangethem in increasing
order. Unfortunately, decision trees don't have any way of describing moving data around, so we
have to rephrasethe question slightly:
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Given a sequence〈x1; x2; : : : ; xn〉 of n distinct numbers, �nd the permutation � such
that x � (1) < x � (2) < · · · < x � (n) .

Now a k-ary decision-treelower bound is immediate. Since there are n! possiblepermutations � ,
any decision tree for sorting must have at least n! leaves, and so must have depth 
(log (n!)). To
simplify the lower bound, we apply Stirling’s approximation

n! =
� n

e

� n √
2� n

�
1 + �

�
1
n

��
>

� n
e

� n
:

This givesus the lower bound

dlogk (n!)e >
l
logk

� n
e

� nm
= dn logk n − n logk ee = 
( n logn):

This matches the O(n logn) upper bound that we get from mergesort, heapsort, or quicksort, so
those algorithms are optimal. The decision-treecomplexity of sorting is �( n logn).

Well. . . we're not quite done. In order to say that those algorithms are optimal, we have to
demonstrate that they �t into our model of computation. A few minutes thought will convince
you that they can be described as a special type of decision tree called a comparison tree, where
every query is of the form `Is x i bigger or smaller than x j ?' Thesealgorithms treat any two input
sequencesexactly the sameway as long as the samecomparisonsproduceexactly the sameresults.
This is a feature of any comparison tree. In other words, the actual input values don’t matter,

only their order. Comparison trees describe almost all sorting algorithms: bubble sort, selection
sort, insertion sort, shell sort, quicksort, heapsort, mergesort,and so forth | but not radix sort or
bucket sort.

H.6 Finding the Maxim um and Adv ersaries

Finally let's considerthe maximum problem: Given an array X of n numbers, �nd its largest entry .
Unfortunately, there's no hope of proving a lower bound in this formulation, since there are an
in�nite number of possibleanswers, so let's rephraseit slightly.

Given a sequence〈x1; x2; : : : ; xn〉 of n distinct numbers, �nd the index m such that xm

is the largest element in the sequence.

We can get an upper bound of n − 1 comparisons in several di�eren t ways. The easiest is
probably to start at oneend of the sequenceand do a linear scan,maintaining a current maximum.
Intuitiv ely, this seemslike the best we can do, but the information-theoretic lower bound is only
dlog2 ne.

To prove that n − 1 comparisonsare actually necessary, we usesomething called an adversary

argument. The idea is that an all-powerful malicious adversary pretends to choose an input for
the algorithm. When the algorithm asks a question about the input, the adversary answers in
whatever way will make the algorithm do the most work. If the algorithm does not ask enough
queries before terminating, then there will be several di�eren t inputs, each consistent with the
adversary's answers, the should result in di�eren t outputs. In this case,whatever the algorithm
outputs, the adversary can `reveal' an input that is consistent with its answers, but contradicts the
algorithm's output, and then claim that that was the input that he was using all along.

For the maximum problem, the adversary originally pretends that x i = i for all i , and answers
all comparison queriesappropriately. Whenever the adversary reveals that x i < x j , he marks x i

as an item that the algorithm knows (or should know) is not the maximum element. At most
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one element x i is marked after each comparison. Note that xn is never marked. If the algorithm
does lessthan n − 1 comparisonsbefore it terminates, the adversary must have at least one other
unmarked element xk 6= xn . In this case,the adversary can changethe value of x k from k to n + 1,
making xk the largest element, without being inconsistent with any of the comparisonsthat the
algorithm hasperformed. In other words, the algorithm cannot tell that the adversary hascheated.
However, xn is the maximum element in the original input, and x k is the largest element in the
modi�ed input, so the algorithm cannot possibly give the correct answer for both cases.Thus, in
order to be correct, any algorithm must perform at least n − 1 comparisons.

It is very important to notice that the adversary makes no assumptions about the order in
which the algorithm does its comparisons. The adversary forcesany algorithm (in this model of
computation3) to either perform n − 1 comparisons,or to give the wrong answer for at least one
input sequence.Notice also that no algorithm can distinguish betweena malicious adversary and
an honest user who actually choosesan input in advanceand answers all queriestruthfully .

In the next lecture, we'll seeseveral more complicated adversary arguments.

3Actually, the n � 1 lower bound for finding the maximum holds in a much powerful model called algebraic decision
trees, which are binary trees where every query is a comparison between two polynomial functions of the input values,
such as ‘Is x
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