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Abstract

The Fréchet distance between two curves in the plane is the minimum length of a leash
that allows a dog and its owner to walk along their respective curves, from one end to the
other, without backtracking. We propose a natural extension of Fréchet distance to more
general metric spaces, which requires the leash itself to move continuously over time. For
example, for curves in the punctured plane, the leash cannot pass through or jump over
the obstacles (“trees”). We describe a polynomial-time algorithm to compute the homotopic
Fréchet distance between two given polygonal curves in the plane minus a given set of
polygonal obstacles.
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1. Introduction

Given two input curves, it is natural to ask how similar they are to each other. One com-
mon measure of curve similarity is the Hausdorff distance, which is the maximum distance
between a point on one curve and its nearest neighbor on the other curve. While the Haus-
dorff metric does measure closeness in space, it does not take into account the flow of the
curves, which is important for many applications, such as morphing in computer graphics.

The Fréchet distance between two curves, sometimes also called the dog-leash distance,
is defined as the minimum length of a leash required to connect a dog and its owner as they
walk without backtracking along their respective curves from one endpoint to the other.
The Fréchet metric takes the flow of the two curves into account; the pairs of points whose
distance contributes to the Fréchet distance sweep continuously along their respective curves.
This property makes the Fréchet distance a better measure of similarity for curves than
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alternatives for arbitrary point sets such as Hausdorff distance. It is possible for two curves
to have small Hausdorff distance but large Fréchet distance. Fréchet distance is used in many
different applications; see [AG95) [AB05, IAHPK™06, [SKB07| and the references therein.

When the two curves are embedded in a more complex metric space, such as a polyhedral
terrain or some Euclidean space with obstacles, the distance between two points on the curves
is most naturally defined as the length of the shortest path between them. Variations on the
resulting geodesic Fréchet distance have been studied by Efrat et al. [EGHPT02|, Maheshwari
and Yi [MYO05], and more recently Cook and Wenk [CWO07, [CW08al, [CW08b|. The definition
of geodesic Fréchet distance allows the leash to switch discontinuously, without penalty, from
one side of an obstacle or a mountain to another.

In this paper, we introduce a continuity requirement on the motion of the leash. We
require that the leash cannot switch discontinuously from one position to another; in par-
ticular, the leash cannot jump over obstacles, and can sweep over a mountain only if it is
long enough. We define the homotopic Fréchet distance between two curves as the Fréchet
distance with this additional continuity requirement. Our continuity requirement is satisfied
automatically for curves inside a simple polygon [CW07,[CW08al, EGHPT02|, but not in more
general environments like convex polyhedra [MY05] or the plane with obstacles [CW0SD].

The motion of the leash defines a correspondence between the two curves that can be
used to morph between the two curves—two points joined by a leash morph into each
other [EGHP™02|. Thus, the homotopic Fréchet distance can be thought of as the mini-
mal amount of deformation needed to transform one curve into the other.

Efficiently computing the homotopic Fréchet distance in general metric spaces is a new
open problem. We present a polynomial-time algorithm for a special case of this problem,
which is to compute the homotopic Fréchet distance between two polygonal curves in the
plane minus a set of polygonal obstacles.

The current paper is structured as follows. In Section [2| we give formal definitions of
leash maps, homotopic Fréchet distance, relative homotopy classes and related notions, and
then describe some relevant preliminary results in Section [3] In Section [ we present an
algorithm that enumerates a finite set of relative homotopy classes of leashes, such that the
homotopic Fréchet distance is realized by a leash within one of these classes. We describe
an algorithm to compute the homotopic Fréchet distance between two curves in Section [5]
In Section [6], we describe extensions of our algorithm to closed curves and to generalizations
of homotopic Fréchet distance. Finally, we conclude by suggesting several open problems.

2. Definitions

Let S be a fixed Hausdorff metric space. A curve or path in S is a continuous function
from the unit interval [0, 1] to S. We will sometimes abuse notation by using the same symbol
to denote a curve A: [0,1] — S and its image in S. A reparameterization of [0,1] is
a continuous, non-decreasing, surjection «: [0,1] — [0, 1]. A reparameterization of a curve
A:[0,1] — S is any curve Aoq, where « is a reparameterization of [0, 1]. The length of any
curve A, denoted len(A), is defined by the metric of S; in particular, two reparameterizations
of the same curve are considered to have the same length.

Given two parameters s and t, an (s, t)-leash between two curves A and B is another
curve A: [0,1] — S such that A\(0) = A(s) and \(1) = B(t). A leash is an (s,t)-leash for



some parameters s and t. If either A or B intersects itself, two distinct leashes may be equal
as curves while corresponding to different parameters s and ¢.

A leash map is a continuous function £: [0, 1]*> — S such that h(-,0) is a reparametriza-
tion of A, and h(-,1) is a reparametrization of B. A leash map describes the continuous
motion of a leash between a dog walking along A and its owner walking along B; the curve
((t,-) is the leash at time ¢t. The length of a leash map ¢, denoted len(¢), is the maximum
length of any leash ¢(¢,-). Finally, the homotopic Fréchet distance between two curves
A and B, denoted F(A, B), is the infimum, over all leash maps ¢ between A and B, of the
length of ¢:

leash map £: [0,1]2—S \ 0<t<1

F(A,B) := inf (max len(/(t, .))) :

In contrast, the classical [AG95| and geodesic [CW08b| Fréchet distances (for which the
leash is not required to move continuously) are defined only in terms of reparameterizations
and distances:

Fam= (e as(ae), 560)),

reparameterizations 0<t<1

a,B: [0,1]—10,1]

where dist(a, b) denotes the distance between points a and b in the ambient metric space.

In spaces where shortest paths vary continuously as their endpoints move, such as the
Euclidean plane or the interior of a simple polygon, the two notions F and F are equivalent.
In general, however, the homotopic Fréchet distance F(A, B) between two curves A and B
could be larger (but never smaller) than the classical Fréchet distance F(A, B) between
them.

Leash maps are closely related to the standard topological notion of homotopy. Two
curves A and A with the same endpoints are homotopic if A can be continuously deformed
into \" without moving the endpoints. More formally, A\ and A are homotopic if there is
a continuous function h: [0,1]*> — S such that h(u,0) = A(u) and h(u,1) = N (u) for all
u € [0,1], and h(0,v) = A(0) = X (0) and h(1,v) = N (1) = N (1) for all v € [0, 1]. It is easy
to prove that being homotopic is an equivalence relation over the set of curves with any fixed
pair of endpoints, and thus determines homotopy classes.

Two leashes A\ and )\, possibly with different endpoints, are homotopic relative to
A and B, or simply relatively homotopic, if A can be continuously deformed into )\
while keeping each endpoint of the leash on its respective curve. More formally, A\ and X
are relatively homotopic if there are three continuous functions «, 3: [0,1] — [0,1] and
h: [0,1]?> — S, such that h(u,0) = X\(u) and h(u,1) = XN (u) for all u € [0,1], and h(0,v) =
A(a(v)) and h(1,v) = B(B(v)) for all v € [0, 1]. Again, for any fixed curves A and B, being
homotopic relative is an equivalence relation, which defines relative homotopy classes of
leashes.

Clearly, all leashes ((t,-) determined by a single leash map ¢ are relatively homotopic.
However, two relatively homotopic leashes need not appear together in any single leash map,
because the functions « and [ that define a relative homotopy are not necessarily monotone.
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Figure 1: Leash maps for three inputs. Dashed curves between matching numbers represent intermediate leashes.

3. Preliminaries

In this paper, we develop a polynomial-time algorithm to compute the homotopic Fréchet
distance between two polygonal curves A and B in the Euclidean plane E? minus a set P of
polygonal obstacles. In most of the paper, in order to avoid some technicalities, we assume
that the obstacles in P are open sets; however, we also consider the special case of point
obstacles in Section [£.4] To simplify our exposition, we assume that no three vertices of the
input (vertices of polygons in P or vertices of A and B) are collinear; this assumption can be
enforced algorithmically using standard perturbation techniques [Sei98|. Figure (1| illustrates
leash maps for a few sample inputs where P is a set of very small polygonal obstacles.

Let £ denote the space E? \ P with the metric defined by shortest path distances. In any
leash map between curves A and B in the punctured plane £, the moving leash can neither
intersect nor jump over any obstacle in P. Curves A and B may self-intersect and intersect
each other. For ease of exposition, we will assume that the closures of the obstacle polygons
in P are disjoint from each other and from the curves A and B; however, our algorithms can
be easily adapted to avoid this restriction.

Let ag,aq,...,a,, denote the ordered sequence of vertices of A; these points define a
unique parametrization A: [0, 1] — £ whose restriction to any range of the form [(i — 1)/m,
i/m] is an affine map onto the corresponding edge a;_1a;. Similarly, the vertices by, b1, ..., b,
of B define a unique piecewise-affine parametrization B: [0,1] — £. Let k denote the total
number of vertices in all obstacle polygons. Finally, let N =n +m + k + 2 denote the total
complexity of the input.

3.1. Universal Cover

Given a topological space S, its universal cover Sisa simply connected topological space
that locally resembles S, but is (usually) infinitely larger. Each point z in S corresponds
(in general) to an infinite number of points in the universal cover S , one for each homotopy
class of curves with both endpoints equal to .

More formally, a continuous function p: S — S is a covering map if every point x € S
has an open neighborhood U such that p~*(U) is the union of disjoint open sets | J, Vi, and
the restriction of p to each open set V; is a homeomorphism from V; to U [Mun00]. If there is
a covering map from S to S, then S is called a covering space of S. A point T in S is called
a lift of its image p(7) in S; similarly, a path & in S is a lift of its image p(@) in S. Unless
the covering map p is a homeomorphism, each point and path in S has several lifts in S.



The universal cover S is the unique simply connected covering space of S. Two paths «
and 3 in S are homotopic (with fixed endpoints) if and only if they have lifts @ and E with
the same endpoints in the universal cover S. In particular, a path in S is as short as possible
in its homotopy class (with fixed endpoints) if and only if it lifts to a globally shortest path
in S. For further details, see Munkres [Mun00].
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Figure 2: (a) Triangulation A of a region S, which is a rectangle minus a triangle. (b) Triangulation A of
the universal cover S of §.

For readers less familiar with topology, we sketch an equivalent constructive definition of
the universal cover of a large bounded subset of £, due to Hershberger and Snoeyink [HS94];
see Figure 2l Let R be a large bounding rectangle strictly containing the obstacles in P and
let S = R\ P. (The homotopic Fréchet distance within S is equal to the homotopic Fréchet
distance in £.) Let A be any triangulation of S whose vertices are exactly those of P and R
and whose set of edges contains the edges of P and R. For example, we can take A to be the
constrained Delaunay triangulation [Che89| of the edges of S, minus the triangles inside the
obstacles. A triangulation A of the universal cover S of S is obtained by repeatedly gluing
distinct copies of (closed) triangles in A along their common edges ad infinitum. Thus, the
dual graph of the resulting triangulation A is an infinite tree. For example, in Figure |2 l, the
dual graph of the lifted triangulation A is an infinite path.

The universal cover S naturally inherits the metric properties of S; for any path 7 in S
its length is defined as the length of its projection po7 in .S, where p: S — S is the covering
map.

Although universal covers are a convenient tool for proving our results, we emphasize that
our algorithm never explicitly constructs the universal cover, or any finite subset thereof.

3.2. Geodesics

A geodesic in a metric space S is a path that is locally as short as possible. More
formally, a geodesic is a path 7: [0,1] — S such that for every parameter ¢ € [0,1], the

5



restriction of 7 to a sufficiently small neighborhood of ¢ is a globally shortest path. A path
in £ is a geodesic if and only if every lift in £ is also a geodesic.

The fact that the dual graph of the triangulation of £ is a tree has important consequences
for geodesics and shortest paths in £, as noted by Hershberger and Snoeyink [HS94] and other
authors |[GS98| [CLMS04,, [EKT.06|, Bes03, Bes04]. Specifically, because S is simply connected
and locally Euclidean, shortest paths between points in £ are unique; indeed, every geodesic
in€isa globally shortest path. Shortest paths in £ are piecewise linear curves whose internal
vertices are lifts of obstacle vertices. Furthermore, shortest paths in £ vary continuously as
the endpoints move continuously.

Hershberger and Snoeyink [HS94] describe how to algorithmically maintain a shortest
path o in £ as the endpoints move continuously, by storing the sequence of lifted obstacle
vertices that lie on o in a double-ended queue or deque. These obstacle vertices partition o
into a sequence of straight line segments. If the first or last segment of o collides with a lifted
obstacle vertex, that vertex is pushed onto the appropriate end of the deque. Conversely, if
the first two or last two segments of o become collinear, the obstacle vertex joining those two
segments is removed from the appropriate end of the deque. Except at these critical events,
only the first and last segments of the geodesic change as the endpoints of the geodesic move.

3.3. Geodesic Leash Maps

A geodesic leash map is a leash map ¢: [0,1] x [0,1] — & in which every leash ¢(¢,-) is
a geodesic. We next prove that for any leash map /¢, there is a geodesic leash map ¢ in the
same relative homotopy class that is no longer than /.

Lemma 3.1. Suppose { is a leash map between two curves A and B. There is a geodesic
leash map €' between A and B such that, for allt € [0, 1], the leash V'(t,-) is the shortest path
homotopic to £(t,-) with fized endpoints. Additionally, the length of ¢' is at most the length
of L.

Proof. We lift ¢ to the universal cover Eof € , obtaining a leash map ? between the lifts
A and B of A and B respectively. For each ¢t € [0,1], let ot (¢, ) be the globally shortest
path between the endpoints of 27( -). Because shortest paths in £ vary continuously as their
endpoints move continuously, ¢ is a continuous function in both arguments, and therefore

a (geodesic) leash map in £. The projection ¢ of ¢ back to & is a (geodesic) leash map
between A and B. For each t, the leash ¢'(t,-) is the shortest path in £ that is homotopic
with fixed endpoints to £(t, -), so len(¢'(¢,-)) < len(£(t,-)). It follows that len(¢') < len(¢). O

This lemma implies that the homotopic Fréchet distance F (A, B) is the infimum, over
all relative homotopy classes h, of the classical Fréchet distance, where distances are defined
by shortest paths in h:

Fn(A, B) = inf (max disty, (A(a(t)), B(ﬂ(t))))

reparameterizations te [0,1]

a,B: [0,1]—1[0,1]
F(A,B) = inf Fin(A, B).

relative homotopy class h



Here, dist,(u,v) denotes the length of the shortest path from w to v in relative homotopy
class h.

For the rest of the paper, we restrict our attention to geodesic leashes and geodesic leash
maps. We call a relative homotopy class h optimal if F(A, B) = Fi,(A, B). In Section , we
show that there is at least one optimal relative homotopy class. We also prove a structural
result about optimal relative homotopy classes, which leads to a polynomial-time algorithm
to enumerate a subset of relative homotopy classes, at least one of which is optimal. Section
describes our polynomial-time algorithm to compute the Fréchet distance within a single
homotopy class. Combining these two subroutines gives us a polynomial-time algorithm to
compute the homotopic Fréchet distance.

4. Structural Properties of Optimal Relative Homotopy Classes

4.1. Minimality

For any relative homotopy class h and any parameters s, ¢ € [0, 1], let o4 (s,t) denote the
shortest path in h between points A(s) and B(t). We define a partial order < on relative
homotopy classes as follows: For any two relative homotopy classes h and b/, we write h < A/

if and only if len(oy(s,t)) < len(op(s,t)) for all parameters s and t. We write h < I/
whenever h < A’ but h' £ h.

Lemma 4.1. For any relative homotopy classes h and K, if h < k', then Fy(A, B) <
Fu (A, B).

Proof. Let ¢/ be any leash map in relative homotopy class h’: for some reparameterizations
a and S of [0, 1], we have ¢'(-,0) = A(a(-)) and ¢'(-,1) = B(B(+)).

Let ¢ be the geodesic leash map in relative homotopy class h (Lemma defined by the
same reparameterizations: ((t,-) = o,(a(t), B(t)) for all t. The definition of < implies that
len(4(t,-)) < len(¢'(t,-)) for all ¢; hence F,(A, B) < len({) < len(¢"). But Fj/(A, B) is the
infimum of all such len(¢'); this concludes the proof. O

A relative homotopy class h is minimal if h’ < h implies h < h’. In other words, h is not
minimal if there is another relative homotopy class h’' such that A’ < h.

4.2. Existence of Minimal Relative Homotopy Classes

Lemma 4.2. For any relative homotopy class h, there is a minimal relative homotopy class b’
such that h' < h.

Proof. Assume, for the sake of contradiction, that there is no minimal relative homotopy
class b’ such that o < h. In other words, for any &’ < h (including ' = h), A’ is not minimal,
so there is another relative homotopy class h” such that h” < h’ < h. Then, by induction, we
can define an infinite descending chain of relative homotopy classes h = hg >= hy >= hg > ---.
To simplify notation, let o, = oy, (0,0).

Consider the ordered list of obstacle vertices on each path o,. There are finitely many
such ordered lists, because len(o,,) < len(og) for each n. Thus, for some pair of indices i < j,
the paths o; and o; have the same endpoints (A(0) and B(0)) and visit the same ordered
list of obstacle vertices. Thus, the paths o; and o; are identical, which implies that their
relative homotopy classes h; and h; are equal. This is a contradiction. O
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Lemmas and together imply that the homotopic Fréchet distance F(A, B) is the
infimum of F;, (A, B) over all minimal relative homotopy classes h:

F(A,B) = inf Fn(A, B).
minimal relative homotopy class h

In the remainder of this section, we prove that all minimal relative homotopy classes have
a special form, which implies that the number of minimal relative homotopy classes is finite.
(Thus, we can finally replace the infimum in the expression above with a minimum.) We
also describe how to enumerate a finite superset of the minimal relative homotopy classes
in polynomial time. Our overall strategy is to compute Fj(A, B) for each such candidate
homotopy class h, and to return the smallest value obtained.

4.3. Structure of Minimal Homotopy Classes

We define a direct geodesic to be a geodesic in £ that is either (1) a line segment from
A to B, or (2) a geodesic that consists of a line segment from A to some obstacle vertex p,
a globally shortest path from p to an obstacle vertex ¢, and a line segment from ¢ to B. We
will prove:

Proposition 4.3. Every minimal relative homotopy class contains a direct geodesic.

Let h be an arbitrary minimal relative homotopy class. Let A and B be lifts of A and B
in the universal cover £, such that for all s and ¢, the shortest path & (s, ¢) between A(s)
and B(t) is a lift of oy,(s,t). Let P denote the set of all lifts of the vertices of obstacles in
P; again, every point in P lies on the boundary of E. Let 7, denote the intersection of all
shortest paths (s, t). Proposition follows directly from the following pair of lemmas.

Lemma 4.4. If 1, = &, then h contains a direct geodesic of type (1): a line segment.

Proof. 1f the shortest path 75(0,0) is a line segment, then the geodesic 0,(0,0) is also a line
segment, and the proof is complete. Thus, we assume that ,(0,0) passes through at least
one vertex in P.

Let pi,...,p. be the sequence of lifted obstacle vertices on the shortest path 7;(0,0).
(The vertices p; are distinct, although their projections back into the plane might not be.)
Because 7, = @, there is, for each i, a pair of parameters (s;,t;) such that a;,(s;, t;) does not
pass through p;.

We consider a continuous motion of the parameter point (s, ), starting at (s,t) = (0,0)
and then moving successively to each point (s;,t;). Specifically, we define two continuous
functions s: [0,x] — [0,1] and ¢: [0,k] — [0,1] such that s(0) = ¢(0) = 0, and for any
integer ¢, we have s(i) = s; and (i) = t;. To simplify notation, let o(7) denote the shortest
path oy, (s(7),t(7)).

As the parameter 7 (‘time’) increases, vertices in P are inserted into and deleted from
the deque of obstacle vertices on 7 (7). If the deque is empty at any time 7, then the shortest
path &(7) is a line segment, which implies that the projected path o(7) is a line segment
in £, concluding the proof. Thus, we assume to the contrary that the deque is never empty.
Each vertex pi, ..., D, must be deleted from the deque at least once during the motion (but
may be reinserted later).



Suppose p is the last vertex among p1, ..., px to be removed from the deque for the first
time. Without loss of generality, we assume p is first removed from the front of the deque
at time 7;. Let ¢ denote the second vertex in the deque just before p is removed; this vertex
must exist, because the deque is never empty. The vertex p lies on the first segment ag of
o(m), where a = A(s(r)).

By definition of p, vertex ¢ must have been pushed onto the back of in the deque at
some earlier time 75 < 7;. Just before g is inserted, the last vertex in the deque must be p.
Moreover, ¢ lies on the last segment pb of 5(72), where b = B(t(r3)). Thus, there is a line
segment @b between a point in Aand a point in B. The projection ab of this segment into &
is a line segment in homotopy class h. ]

Lemma 4.5. If T, # &, then h contains a direct geodesic of type (2): the concatenation of a
line segment from A to some obstacle vertex p, a globally shortest path from p to an obstacle
vertex q, and a line segment from q to B.

Proof. The path 7, is a shortest path between some pair of lifted obstacle vertices p and ¢.
(In the special case where 7, is a single point, we have p = ¢ = 7,.) Now p and ¢ are lifts
of obstacle vertices p and ¢ (which may be the same point, even if p and ¢ are not), and 7,
is similarly a lift of some path 7, with endpoints p and gq.

Let o(p,q) denote a globally shortest path from p to ¢, and suppose that it is strictly
shorter than 7. For any parameters s and ¢, let 7(s,¢) denote the curve obtained from
on(s,t) by replacing the subpath 7, with o(p, ¢). All paths 7(s,t) belong to the same relative
homotopy class, which we denote h'. We now easily confirm that h’ < h, contradicting our
assumption that h is minimal. We conclude that 7, is the shortest path from p to q.

It remains to show that there is a line segment from some point on A to p. (A similar
argument implies that there is a line segment from ¢ to some point on B.) For all s and ¢,
the geodesic oy,(s,t) is the concatenation of a geodesic a(s) from A to p, the shortest path
7, and a geodesic f(t) from ¢ to B. If a(0) is a line segment, our claim is proved. Thus,
we assume that «(0) is not a line segment, which implies that the lifted path a(0) passes
through at least one lifted obstacle vertex other than its endpoint p. Let p~ be the last lifted
obstacle vertex on a(0) before p. Let sy be the largest value such that a(s) contains p~ for
all 0 < s < sg. Because p~ is not on the common subpath 7, it is not on every geodesic
a(s), which implies that sy < 1. The geodesic a(s) is a line segment. O

Corollary 4.6. We can enumerate a set of O(mnk?*) relative homotopy classes that contains
at least one optimal relative homotopy class, in O(mnk?*) time.

Proof. For any points a € A and b € B, we call the line segment ab extremal if it satisfies
one of the following conditions:

(i) The endpoints are vertices of A and B.
(ii) Ome endpoint is a vertex of A or B and the segment contains one vertex of P.

(iii) The segment contains two vertices of P.



Every line segment in £ is relatively homotopic to at least one extremal line segment in £.
Thus, to enumerate the relative homotopy classes that contain a line segment, it suffices to
enumerate the extremal line segments in &.

There are O(mn) extremal segments of type (i), which we can easily enumerate in O(mn)
time by brute force. Each vertex a € A and vertex p € P determine at most n extremal
segments of type (ii), one for each intersection between the ray from a through p and B.
Similarly, each vertex b € B and vertex p € P determine at most m extremal segments
of type (ii). Thus, there are O(mnk) extremal segments of type (ii); again, we can easily
enumerate these in O(mnk) time. Finally, any two vertices p,q € P determine O(mn)
extremal segments of type (iii), distinguished by the intersection points of the line through
p and ¢ with A and B, so there are O(mnk?) type-(iii) extremal segments in total. For any
obstacle vertices p and ¢, we can compute the intersection points between the line through p
and g and A or B in O(m+n) time, and then enumerate the extremal segments that contain
both p and ¢ in O(mn) time, again by brute force.

Altogether, we enumerate O(mnk?) extremal line segments in O(mnk?) time. To build
all extremal line segments in &£, we discard any line segment that intersects any obstacle
polygon; this takes O(mnk?) time in total.

To enumerate all other direct geodesics (of type (2)), we begin by computing shortest
paths between every pair of obstacle vertices [HS99]. (If there is more than one shortest
path between any pair of obstacles vertices, we can break ties arbitrarily.) Next, for every
obstacle vertex p, we want to find all (relative homotopy classes of) line segments starting
at p and ending at a point on A or on B. We compute them as follows: for every obstacle
vertex q # p, we shoot a ray from p in the direction of ¢ until it reaches the interior of an
obstacle (or infinity), and then compute all O(m + n) intersections between the resulting
line segment (or ray) and the curves A and B. This gives us endpoints of line segments
starting at p. To this list of line segments, we also add every segment in £ from p to a vertex
of A or B. We now have the complete list of potential initial and final segments of direct
geodesics. Finally, we concatenate all O(mk) initial segments, O(k?) shortest paths, and
O(nk) final segments to obtain O(mnk?*) paths in O(mnk?) time. O

Proposition is not a complete characterization of minimal relative homotopy classes.
It is easy to find direct geodesics of type (2) whose relative homotopy classes are not minimal.
However, the next lemma shows that every type (1) direct geodesic determines a minimal
homotopy class.

Lemma 4.7. The relative homotopy class of any line segment is minimal.

Proof. Let o be a line segment from A(s) to B(t), and let h be the relative homotopy class
of 0. For any relative homotopy class h’ # h, the shortest path o,/ (s,t) must be longer than
0 = op(s,t), which implies that h" A h. We conclude that A is minimal. O

There are input instances that admit Q(mnk?) distinct minimal relative homotopy classes.
For example, Figure [3[ shows such an example with k/3 triangular obstacles. If the triangles
are sufficiently small, the line through any two obstacle vertices intersects a constant fraction
of the edges of both A and B, defining Q(mnk?) type-(iii) extremal line segments. Lemma[4.7]
implies that the homotopy classes of these extremal line segments are minimal. A constant
fraction of these minimal homotopy classes contain at most four extremal segments.
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Figure 3: Curves and obstacles that admit Q(mnk?) minimal relative homotopy classes and Q(mnk?) relative
homotopy classes of direct geodesics.

Moreover, this example admits Q(mnk?) relative homotopy classes of type-(2) direct
geodesics. Consider the direct geodesics whose first and last obstacle vertices lie on the
convex hull of the obstacles. There are Q(k?) choices for the first and last obstacle vertices;
for each such choice, there are Q(mk) choices for the initial line segment and (nk) choices
for the final line segment. Thus, any improvement in this portion of the algorithm will
require a finer characterization of minimal relative homotopy classes.

4.4. Point Obstacles

Our previous structural results also apply to degenerate obstacles, such as points or line
segments, with little modification, by replacing them with sufficiently small or thin triangles.
Corollary [4.6] then implies a bound of O(mnk?*) on the number of minimal homotopy classes
for such inputs. The goal of this section is to provide a complete characterization of the
minimal homotopy classes when all the obstacles are points, which yields a better bound of
O(mnk?) on their number.

Thus, in this section, let P be a set of obstacle points in general position. Because the
obstacles are now closed sets, there are pairs of points in & = E? \ P that have no shortest
path between them; more generally, there are homotopy classes of paths in £ that contain
no geodesics. In this setting, the distance between two points a and b (within any homotopy
class) is properly defined as the infimum of the lengths of all paths (in that homotopy class)
from a to b. For simplicity of exposition (and computation), we extend the definition of
‘geodesic’ to include any path in E? that arises as the limit of a converging sequence of
paths in € in the same homotopy class (with fixed endpoints), whose lengths converge to the
distance between the endpoints within that homotopy class. Geometrically, geodesics in £
are now polygonal paths in E? whose internal vertices are obstacle points. (This extension
is implicit in the works of Efrat et al. [EKLO06G| and Bespamyatnikh [Bes03], who describe
algorithms to compute ‘shortest’ paths homotopic to a given path, in the plane minus a set
of points.)

However, in order to uniquely identify the relative homotopy class of a geodesic, some
additional information is now required in addition to its geometry. Specifically, we associate
a turning angle with each obstacle point that the geodesic touches. Consider a geodesic
that passes through an obstacle point p. Let C. be a circle centered at p with radius € > 0,
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small enough to exclude every other obstacle in P. A turning angle of f at an obstacle point p
indicates that replacing the portion of «y inside C; with an arc of length ¢|0| around C., which
goes counterclockwise around C. if § > 0 and clockwise if § < 0, yields a new path homotopic
to . See Figure[d A path could meet the same obstacle point more than once; we associate
a different turning angle with each incidence. If v is a geodesic, none of its turning angles is
in the range (—m, ), since otherwise 7 could be locally shortened.

—T s 3T 5T

Figure 4: Four turning angles determine four different homotopy classes.

Proposition 4.8. In the case of point obstacles, a relative homotopy class is minimal if and
only if it contains a line segment.

Proof. One direction of the proof is straightforward: Let h be the relative homotopy class
of the line segment o from A(s) to B(t). By our non-degeneracy assumption, up to slightly
moving o, we may assume that it touches no obstacle point. For any relative homotopy
class b’ # h, the shortest path oy/(s,t) must be longer than ¢ = o4(s,t), which implies that
h' A h. We conclude that h is minimal.

To prove the opposite implication, we consider a minimal relative homotopy class h. As
in the proof of Proposition we define 7, to be the intersection of the shortest paths
between A(s) and B(t), for all s,t € [0,1]. If 7, = &, then the proof of Lemma {4.4| already
implies that A contains a line segment, so we assume that 7, # @. In particular, there
is a lifted obstacle point p such that for any s,t € [0, 1], the shortest path 7(s,t) passes
through p. Let 6(s,t) denote the turning angle of &;(s,t) at p.

For all s and ¢, the path &(s,t) is a shortest path, so 6(s,t) must lie outside the open
interval (—m, 7). This turning angle is a continuous function of s and ¢, so we can assume
without loss of generality that it is always at least 7. In other words, we assume that every
path 7,(s,t) winds counterclockwise around p. Recall that no three vertices of the input
are collinear by our non-degeneracy assumption, so the minimum of #(s, ) is not a multiple
of 7, and can therefore be written as 27z + y for some integer x and some angle y € (—m, 7).

Now p is a lift of some obstacle point p, and 7y(s,t) similarly projects to a geodesic
on(s,t). For each s and t, let 7(s,t) denote the path meeting the same obstacles in £ in the
same order and with the same turning angles as o;(s, t), except that the turning angle at p
is reduced by 27z. All paths 7(s,t) belong to a single relative homotopy class, which we
denote by h'.

For every s and t, the paths 7(s,t) and o,(s,t) have precisely the same length. This
implies that o,/ (s,t) is never longer than oy, (s,t); thus, ' < h.

Now let s and ¢ be parameters such that 6(s, t) is minimized, and write 0(s,t) = 27z +y
for some integer x and some y € (—m, 7). By construction, the turning angle of 7(s,t) at p
equals y. Thus 7(s,t) is not a geodesic, so o/ (s,t) is strictly shorter than 7(s,¢), which has
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the same length as o,(s,t). With the previous paragraph, this proves A’ < h, contradicting
our initial assumption that A is minimal. ]

Corollary 4.9. In the case of point obstacles, we can enumerate a superset of the minimal
relative homotopy classes of size O(mnk?) in O(mnk?) time.

Proof. In the proof of Corollary we saw how to enumerate the O(mnk?) relative homo-
topy classes of line segments in O(mnk?) time; every minimal homotopy class contains a line
segment by Proposition O

We emphasize that Proposition [4.§ does not imply that the optimal leash map contains a
line segment. At first glance, it may seem natural to conjecture that the optimal leash map
must also contain a line segment; surprisingly, this conjecture is actually false.

Lemma 4.10. There is a pair of polygonal curves and a set of point obstacles such that no
optimal leash map contains a line segment.

Proof. Consider the instance shown in Figure [f(a). The vertices of A have coordinates
(—2,2), (=2,4), (2,4), and (2, 2), in that order; the vertices of B have coordinates (—2, —2),
(—=2,—4), (2,—4), and (2, —2), in that order; and the obstacle points have coordinates (1, 2),
(—1,2), (=1,—2), and (1,—2). (This instance is highly degenerate, but it can easily be
perturbed into general position without affecting the result.)

1 e | e 1 °

(a)

Figure 5: (a) An instance where no optimal leash map contains a line segment. (b) Up to symmetry, the
only four relative homotopy classes of line segments. (c) Half of a symmetric leash map in homotopy class I.

Up to rotations and reflections, there are only four relative homotopy classes of segments

with one endpoint on each curve. Figure [f(b) shows one line segment (dashed) and the
initial and final leashes (solid) in each relative homotopy class. As suggested by the figure,
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we call these four classes I, Z, L, and C. We claim that class I is the only optimal relative
homotopy class, and that the optimal leash map does not contain a line segment.

Figure (c) shows the first half of a leash map in class I, in which one endpoint of the
leash traverses A completely before the other endpoint moves at all. The figure shows five
critical leashes \g, A1, Aa, A3, \g; between any two critical leashes, the length of the leash is
either monotonically increasing or monotonically decreasing. The longest critical leash is A3,
which has length 1+ 3v/5 ~ 7.708; this is also the length of the leash map. The final leashes
in classes Z, L, and C have lengths 8, 4 + 2v/5 ~ 8.472, and 10, respectively. Within each
relative homotopy class, the length of the final leash is a lower bound on the length of any
leash map. Thus, [ is the unique optimal homotopy class. On the other hand, the shortest
line segment in class [ has length 8, which is longer than A3. This completes the proof. [

4.5. Non-polygonal Obstacles

Our proof of Proposition can be extended to non-polygonal obstacles with only minor
modifications; the obstacles need not be convex or have smooth boundaries. In this more
general setting, the initial and final segments of a direct geodesic must be tangent to the
obstacles at their endpoints; that is, these segments can be made slightly longer without
intersecting any obstacle. The algorithmic results in Sections [5] and [6] similarly extend
to non-polygonal objects, provided one can efficiently compute the wisibility graph of the
obstacles [PV95] [PV96]; the running time of the resulting algorithm obviously depends on
the exact representation of the objects. Further details of this extension are described by
Chambers [Cha0§].

5. Computing Homotopic Fréchet Distance

Finally, we describe our algorithm to compute the homotopic Fréchet distance between
two polygonal curves in the plane with polygonal obstacles. Our approach is to compute
a set of relative homotopy classes that includes at least one optimal class, as described
by Corollary and then compute the Fréchet distance Fj,(A, B) within each homotopy
class h in this set. Our algorithm to compute F,(A, B) is a direct adaptation of Alt and
Godau’s algorithm for computing the classical Fréchet distance between polygonal paths in
the plane [AG95].

Henceforth, to simplify notation, we consider that the polygonal chain A, whose ordered
sequence of vertices is ag, ay, . . ., G, is parametrized over the interval [0, m], instead of [0, 1]
as in previous sections, so that A(i) = a; for each integer i between 0 and m. Similarly, we
parametrize B over the interval [0,n]. As in the previous section, for any s € [0,m] and
t € [0,n], let op,(s,t) denote the shortest path from A(s) to B(t) in homotopy class h, and
let disty,(s,t) = len(ox(s,t)). For any € > 0, let F. C [0,m] x [0,n] denote the free space
{(s,t) | distp(s,t) < e}. Our goal is to compute the smallest value of € such that F. contains
a monotone path from (0,0) to (m,n); this is precisely the Fréchet distance F,(A, B).

The parameter space [0, m] x [0,n] decomposes naturally into an m x n grid; let 0J; ; =
[i —1,4] x [j — 1, 7] denote the grid cell representing paths from the ith edge of A to the jth
edge of B.
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5.1. Geodesic Distance Is Convex

In this section, we prove the following proposition, required by our generalization of Alt
and Godau’s algorithm:

Proposition 5.1. The restriction of the function disty, to any grid cell UJ; ; is convex.

We first recall the following elementary classical properties of the Euclidean norm (de-
noted ||-|]).

Lemma 5.2. Let o be a fized point in the plane, and let ¢,: R? — R be the function
p HO?H The gradient of @, at any point p # o is @/H@H The function @, is convex
everywhere, and of class C' everywhere except at o.

Let o, 8: [0,1] — &€ be affine functions with (constant) derivatives @ and b respectively,
and let h be a relative homotopy class. For each ¢ € [0, 1], let o(¢) be the shortest path from
a(t) to [(t) in relative homotopy class h, and let d(t) denote the length of o(t).

Fix t € [0,1]. The shortest path o(t) is a polygonal curve. Let u(t) be the unit vector
representing the direction of the first line segment of o (t) (at its initial point «(t)). Similarly,
we denote by ¥(t) the unit vector representing the direction of the last line segment of o (t).

Recall that, as t increases, the shortest path o(t) encounters a finite number of events.
Between every two consecutive events, the sequence of obstacle vertices at which o(t) bends
is the same.

Lemma 5.3. Between any two consecutive events, d is conver and of class C*. In particular,
d(t)=0-0(t) —d-ut), where - denotes the inner product.

Proof. Fix two consecutive events ty and t;.

Assume first that for all ¢ between ¢, and t;, the path o(t) is not a line segment. Then
for every t € [to,t1], o(t) is the concatenation of a line segment from a(t) to a fixed obstacle
vertex p, a geodesic from p to another fixed obstacle vertex ¢, and the line segment from ¢
to B(t). It follows that d(t) equals a constant plus |[pa(t)|| + [|¢8(t)|. Our result is now
a consequence of Lemma Specifically, d is the sum of two convex functions, and is
therefore convex. Since o and 3 do not meet obstacle vertices, the function d is C*' in the
interval [tg,t;]. The chain rule implies the claimed expression for d’. Specifically,

Lol = S gpfat) = Feyalt) - alt) = HiZZ =il

A similar derivation implies that %Hqﬁ(ti” = 3(t) - b.
If o(t) is a line segment whenever ty < t < t1, then d(t) = ||oz(t)ﬁ(t;||. Since the function
t— a(t)s (t) is affine, Lemma |5.2| also implies that d is convex and of class C'!, and that
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Finally, we observe that

which completes the proof. 0
Lemma 5.4. The function d is convez.

Proof. Lemma [5.3]implies that between consecutive events the function d’ is continuous and
non-decreasing; indeed, @-u(t) = ||d|| cos O(t) where 6(t) is the angle between @ and (t). The
angle 0(t) is constant if point p and segment «/([0, 1]) are collinear; otherwise, |6(t)] is strictly
increasing (from 0 to 7 if ([0, 1]) was an infinite line). Thus, —a - @(¢) is non-decreasing; a
similar argument implies that b- U(t) is non-increasing.  Let ¢y be an arbitrary event. Since
the functions ¢ — w(t) and ¢ — ¥/(t) are continuous at ¢y, Lemma |[5.3 implies that d’ is also
continuous at ty. Thus, d' is non-decreasing over the entire interval [0, 1], which implies that
d is convex. O

We now conclude:

Proof of Proposition[5.1 Let [J; ; be an arbitrary grid cell. Choose parameters s, s’ € [i—1, 1]
and t,t’ € [j — 1,7]. We claim that the function ¢ : [0, 1] — & defined by setting

YA = disty (1 — A)s + As', (1— A)t + At

is convex. Let a, 3 : [0,1] — & be the unique affine reparameterizations of A o and Bl .,
respectively. Then 1 is exactly the function d that is proved convex in Lemma [5.4]

We conclude that the restriction of dist;, to any line segment in [J; ;, which is a map of
the form 1) above, is convex. This completes the proof that the restriction of dist, to any
grid cell [J; ; is convex. O

5.2. Preprocessing for Distance Queries

The only significant difference between our algorithm and Alt and Godau’s is that we
require additional preprocessing to compute several critical distances and an auxiliary data
structure to answer certain distance queries. (If there are no obstacles, each critical distance
can be computed, and each distance query can be answered, in constant time.)

There are three types of critical distances:

e endpoint distances disty,(0,0) and dist,(m,n),

e vertex-edge distances disty(i,[j — 1,7]) = min{dist,(i,t) | t € [j — 1, 7]} for all
integers ¢ € [0,m] and j € [1,n], and

e edge-vertex distances dist([i — 1,i],7) = min{disty(s,j) | s € [i — 1,i]} for all
integers 7 € [1,m] and j € [0, n].
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Given integers ¢ and j and any real value ¢, a horizontal distance query asks for all
values of t € [j — 1, j] such that dist,(i,t) = ¢, and a vertical distance query asks for all
values of s € [i — 1,1] such that dist,(s,j) = . The convexity of dist, within any grid cell
implies that any distance query returns at most two values.

We first describe how to preprocess a single vertical edge in the parameter grid to an-
swer distance queries; critical values are automatically computed during the preprocessing.
Obviously a similar result applies to horizontal grid edges.

Lemma 5.5. Suppose we are given a point p and a line segment { = Ty, parametrized
over [0, 1], as well as the geodesic op,(p,x) and its length disty(p,z). In O(klogk) time, we
can build a data structure of size O(k) such that for any e, all values t € [0, 1] such that
disty(p, £(t)) = € can be computed in O(logk) time. We also report the critical vertex-edge
distance disty(p, ), the path oy (p,y), and its length dist,(p,y).

Proof. We first compute a constrained Delaunay triangulation [Che89| of the obstacles P,
the segment ¢, and point p in time O(klog k). This triangulation includes ¢ and the edges
of polygons in P as edges.

We apply the following observations used in the funnel algorithm for computing shortest
homotopic paths [Cha82), [LP84, [HS94]. The shortest homotopic paths oy (p, z) and oy, (p, y)
may share a common subpath and then split at some vertex v; this vertex is then the apex
of two concave chains that form a funnel with base zy. Each concave chain has complexity
at most k and intersects a given edge of the triangulation at most twice.

The geodesic from p to # may have complexity greater than O(k), but (as observed above)
the concave chain from v to x has at most O(k) segments. Our goal is to find a vertex w on
on(p, ) such that the path from w to x contains v. In other words, the chain from w to z
along o,(p, z) has complexity O(k) and contains the concave funnel path.

To find w, walk along the geodesic from x to p.  If we find a vertex where the chain
is not concave, we must have passed v, so we mark the non-concave vertex as w. If we ever
re-cross a segment of the triangulation a second time, we again must have passed the funnel
apex v so we can mark the second crossing as w. (We walked along O(k) edges of the chain
to find w.) Let m, be the portion of o,(p,z) between p and w, and 7, be the portion of
on(p, x) between w and x.

We know that m, is contained in oy, (p, y), since w is before the apex of the funnel v. Let
75 be the portion of oy, (p, y) between w and y; this can be computed in O(k) time using the
funnel algorithm. Given 75, we can then find the apex of the funnel v in O(k) time.

Imagine extending each line segment on the concave chains until it intersects ¢, the
line connecting x and y. Between the two concave chains, the combinatorial description of
the distance function changes only at points where the extended lines meet ¢. To answer
distance queries, we record the O(k) intersections of the extended lines with ¢. For each of
the resulting intervals