Tightening Non-Simple Paths and Cycles on Surfaces
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Abstract Versions of this problem have been studied by sev-

We describe algorithms to compute the shortest path homo€tal authors during the last decade. Hershberger and
topic to a given path, or the shortest cycle freely homotopicSnoeyink [18] find the shortest path or cycle homotopic
to a given cycle, on an orientable combinatorial surface.to a given path or cycle in a triangulated piecewise-
Unlike earlier results, our algorithms do not require the linear surface where every vertex lies on the boundary—
input path or cycle to be simple. Given a surface with for example, a triangulated polygon with holes in the
complexityn, genusg > 2, and no boundary, we construct nane Using techniques developed by Cabello et al. [2],

. 5 . . i
in O(n"logn) time atight octagonal decompositioof the e o o1 [10] and Bespamyatnikh [1] describe al-
surface—a set of simple cycles, each as short as possible

in its free homotopy class, that decompose the surface intgqrithms to find homot.opic shortest paths in the plane
a complex of octagons meeting four at a vertex. After theMinus a finite set of points.
surface is preprocessed, we can compute the shortest path Building on our earlier work [4, 5, 6, 13, 14], we

homotopicto a given path of complexityin O(gnk) time,or  formulate the shortest homotopic curve problem in the
the shortest cycle homotopic to a given cycle of complekity combinatorial surfacenodel. A combinatorial surface

in O(gnklog(nk)) time. A similar algorithm computes 5 an abstract 2-manifold provided with a weighted
shortest homotopic curves on surfaces with boundary or with e . — .
genusl. We also prove that the recent algorithms of Colin embedded graph satisfying certain properties; the input

de Verdiere and Lazarus for shortening embedded graph@nd output curves are required to be walks on this graph.
and sets of cycles have running times polynomial in theFOr €xample, a polyhedral surface where the curves are

complexity of the surface and the input curves, regardléss odrawn on its 1-skeleton falls into this model. Vegter

the surface geometry. and Yap [23] and Lazarus et al. [19] describe how to
build canonical polygonal schemata on combinatorial
1 Introduction surfaces. Dey and Guha [8] describe an algorithm to

We consider the following topological version of the determine whether two paths are homotopic in linear
shortest path problem in geometric spaces: Given dime. Several algorithms have been developed recently

path or cycley on an arbitrary topological surface, find for com_putlng shor_test families _of curves with certain
the shortest path or cycle that can be obtained from topological properties on combinatorial surfaces: Ex-

by continuous deformation, keeping the endpoints fixec?MP!es include the shortest cut graph [13], the shortest
if ~ is a path. Except in very special cases (such aéundamental system of loops [14], and the shortest non-

hyperbolic surfaces), local improvement algorithms doContractible or non-separating cycle [3, 13]. Colin de
not always converge to the true shortest path, but only to/érdiere and Lazarus [4, 5, 6] describe algorithms to
a local minimum. A more global approach is required. COMPUte the shortesimpleloop homotopic to a given
simpleloop, or the shortest cycle homotopic to a given
*See http://www.cs.uiuc.edujeffe/pubs/octagons.html for the Simplecycle, in time polynomial in the complexity of
most recent version of this paper. ) the surface, the complexity of the input curve, and the
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As in earlier papers [4, 5, 6, 8], we decompose thea surface exactly at its endpoints. A cycle is (the image
surface with a set of (tight) curveS such that (a) the of) a continuous map : S — M whereS! = R/Z
homotopy class of a given curve is encoded by the way iis the standard circle. A curve Empleif does not
crosses the curves @, and (b) the way the output curve self-intersect (except, for a loop, at its basepoint).
crossesC depends only on the way the input curve Two pathsp and p’ are homotopicif there is a
crosse”. In the case of a surface with boundary, we continuous maph : [0,1] x [0,1] — M such that
can employ a so-calletight system of arcgeneralizing  h(0,¢) = p(t) and h(1,t) = p'(t) for all ¢, and
the greedy system of loops constructed by Ericksorm(-,0) and h(-,1) are constant maps. Two cycles
and Whittlesey [14]. Surfaces without boundary areand+' are (freely) homotopidf there is a continuous
considerably more difficult; for this case, we introduce map#h : [0, 1] x S* — M such thath(0,t) = v(¢) and
the notion oftight regular decompositionf the surface: h(1,t) = +'(t) for all t. A loop or cycle iscontractible
an arrangement of tight cycles where every vertex ofif it is homotopic to a constant loop or cycle; an arc
the arrangement has degree four and every face is a digk contractible if it is homotopic to a boundary path.
with the same number of sides. The efficiency of ourA simple loop, arc, or cycle iseparatingif M minus
algorithm essentially follows from classical results in (the image of) this curve is disconnected. In particular,
combinatorial group theory and hyperbolic geometry.every simple contractible curve is separating. Any cycle
Our results also imply that the algorithms of Colin de homotopic to the boundaries of an annulus is called a
Verdiere and Lazarus [4, 5, 6] for shortening simple generating cycle
curves run in polynomial time. A map7 : M’ — M between two surfaces is called

Due to space constraints, this extended abstract fog Covering mapf each pointg; c M lies in an open
cuses on our algorithm for tightenimmthson surfaces  neighborhoodU such that ()=~ (U) is a countable
without boundary. We will only briefly discuss our unjon of disjoint open set&/; U Us U --- and (2) for
algorithm for tightening cycles, our algorithms for sur- each;, the restrictionr |y, : U; — U is a homeomor-
faces with boundary, and our improved analysis of thephism. If there is a covering mapfrom M’ to M, we
algorithms of Colin de Verdiere and Lazarus [4, 5, 6]. call M’ acovering spacef M.

If pis a path inM andr (') = p(0) for some point

2 Background ' € M, there is a unique patp’ in M’ such that
2.1 Topology. We begin by recalling several stan- p’(0) = 2’ andw o p’ = p. This pathp’ is called
dard definitions from manifold topology. Further back- a lift of p. Two paths are homotopic iM if and
ground can be found in textbooks by Hatcher [16] andonly if they have homotopic lifts inM’. Similarly, a
Stillwell [22]. lift of a cyclew is either a cycley’ on M’ such that

A surface (or 2-manifold with boundary)M is a 7o+’ =+, or a continuous ‘open ar¢y : R — M
topological Hausdorff space where each point has auch thatr(p'(t)) = (¢t mod 1) for all ¢. Any lift of
neighborhood homeomorphic to either the plane or thea contractible cycle is itself a contractible cycle. Every
closed half-plane. The points without neighborhoodsurface M has a unique covering spadel in which
homeomorphic to the plane comprise theundary every cycle is contractible, called thaiversal cover
of M. A (g, b)-surfaceis any surface homeomorphic to of M.
a sphere withy handles attached ariddisks removed. All surfaces considered in this paper are connected,
Every compact, connected, orientable surfaeeis a  compact, and orientable, although their covering spaces
(9, b)-surface for unique integers(its genu$ andb (its  are of course not necessarily compact.
number of boundarigs A sphereis a (0, 0)-surface; a
diskis a (0, 1)-surface; arannulusis a (0,2)-surface; 2.2 Combinatorial and Cross-Metric Surfaces. A
a pair of pantsis a (0, 3)-surface; aorusis a(1,0)- combinatorial surfacés an abstract surfack! together
surface. with a weighted undirected grap& (M), embedded

We distinguish between four different types of on M so that each open face is a disk and every
curves A path on a surfaceM is (the image of) a boundary is a simple circuit i6'(M). (We will simply
continuous map : [0,1] — M; its endpointsare  write G if the surfaceM is clear from context.) In
p(0) andp(1). A loop is a pathp whose endpoints this model, the only allowed paths are walks @
coincide. Anarc is a path intersecting the boundary of the length of a path is the sum of the weights of the



edges traversed by the path, counted with multiplicity.for example) by restating the usual algorithms@mn
The complexityof a combinatorial surface is the total terms of the dual grap&™.
number of vertices, edges, and faces7of We can represent an arbitrary arrangement of possi-
Most of our results are developed in an equivalentbly (self-)intersecting curves on a cross-metric surface
dual formulation of this model. Aross-metricsurface M by modifying the underlying grapli’* inductively
is an abstract surfacé together with an undirected as follows. The initial empty arrangement is just the
weighted graplz* = G* (M), embedded so that every graphG*. We embed each new curgenerically every
open face is a disk and every boundary\dfis a simple ~ crossing point of the new curve and the existing arrange-
circuit in G*. We consider onlyegular paths and cycles ment, and every self-crossing of the new curve, creates a
onM, which intersect the edges 6 only transversely  vertex of degree four; endpoints of arcs become vertices
and away from the vertices. THength of a regular ~ of degree three; and endpoints of other paths become
curvep is defined to be the sum of the weights of the vertices of degree one. Whenever we split an edgef
dual edges thai crossescounted with multiplicity. To ~ G*, we give both sub-edges the same crossing weight as
emphasize this usage, we refer to the weight of a dua¢™. Each segment of the curve between two intersection
edge as itcrossing weight The crossing weight of points becomes a new edge, whose crossing weight is a
any boundary edge iso, since no path can cross the fixedformal infinitesimak > 0.2 This ensures that later
boundary. shortest-path computations always prefer paths with
fewer crossings when the lengths (with respect to the
original G*) are equal. These modifications change the
length of any regular curve inM by at most a multiple
of ; in particular, any path that is tight with respect
to the refined graph is tight with respect to the original
graph. Themultiplicity of a set of curves inM is the
maximum, over all edges" of G*(M), of the number
of timese* is crossed by the curves.
Figure 1. Primal (solid) and dual (dashed) graphs on a Our algorithms sometimes cut a cross-metric surface
combinatorial annulus. M along some embedded curse The resulting cross-
metric surfaceM \ « can be represented simply by
The equivalence of these two models is easy toassigning infinite crossing weight to the edges that com-
establish. Given a combinatorial Surfa@@/l’G)’ we prise «, indicating that these edges cannot be crossed
construct thedual graph G* as follows. G* has a by other curves. We also sometimes need to glue
vertex f* in the interior of each faceg’ of G, and a  surfaces together along a common boundary; again, our
vertexe* in the relative interior of each boundary edge representation easily supports this operation. Finally,
e of G. For each non-boundary edgef G separating for any (even infinite) covering spackt’ of M, the
facesf) and f,, there is a dual edge’ betweenf; and ~ graphG*(M’) is simply a lift of G*(M).
f; and for each boundary edgevith incident facef, We emphasize that combinatorial and cross-metric
there is a dual edge* betweenf* ande*. Each dual surfaces do not have any ‘geometry’ in the usual sense;
edgee* in G* intersects only its corresponding primal only the combinatorial structure is important. Epp-
edgee in G. Each pair of consecutive vertices Gf stein’s gem representatiofjll] is a convenient data
on the boundary of\ is connected by an edge 6f*  structure for maintaining this structure.
on the boundary of\. Each interior edge* has the
same weight as the corresponding primal edgand 3 Tight Curves

each boundary edge 6f* has infinite weight. The faces  Our algorithms rely on the two following technical

of G* correspond to the vertices 6. Any walkinG  |emmas, whose proofs are omitted from this extended
is regular with respect t6-*, and the two notions of
Iength coincide. Conversely' any curve that is regular 2EqUiVa|ent|y, we can take the crossing weight of any edge in

; % : . G™ to be a vector¢,0) for some non-negative real numbgrand
with respect toG* is homotopic to a walk it of the the crossing weight of any edge of any curve embeddetoio be

same length. We can easily construct shortest pathg) 1). crossing weights are now vectors, which are added normally
on a cross-metric surface (using Dijkstra’s algorithm, and compared lexicographically.




abstract. A patlp wraps arounda cycle~ if p(t) = such a cut in0(nlogn) time using an algorithm
v((at + b) mod 1) for some real numbersandb. of Frederickson [15, Theorem 7]. Because we can

Lemma 3.1. Any path that wraps around a tight cycle

separate the surface by cutting each edge in the cut
once, the cycle has multiplicity one.

js tight.

19 (e) Colin de Verdiere and Lazarus describe an algo-
Lemma3.2. Let« be a simple tight arc or cycle in a rithm for this problem [S]. Letd, 5, and d3
cross-metric surfacé, and let( be a simple path or denote the boundaries 4f(, and suppose we want
cycle disjoint froma. Theng is tight in M \ « if and a cycle homotopic td,. Compute a shortest arc
only if 3 is also tight inM. betweend, and s (by part (a)) and compute the

shortest generating cyctein the annulusM \ «

We introduce five elementary constructions of tight (by part (d)). Lemma 3.2 implies that is tight
arcs and cycles on a cross-metric surface. in M. O

Lemma3.3. Let M be a cross-metric surface with  Qur algorithms combine these elementary construc-

complexityn, genusy, andb boundary components.  tions by computing a tight simple arc or cycle on
(@ Ifb > 2, we can compute il¥(nlogn) time a M, cutting M along it, and iterating on the resulting

(b)

()

©)

(e)

tight simple arc joining two specified boundaries, surface. Lemma 3.2 implies that the arcs and cycles

with multiplicity one, and with multiplicity zero at  computed in this fashion are always tigin the original

each edge adjacent to the two specified boundariesurface M. Until the end of the proof of Theorem 4.1,

If b = 1 andg # 0, we can compute in allthe curves considered are simple, tight arcs or cycles

O(nlogn) time a tight simple non-contractible or whose tightness i follows from Lemma 3.2.

non-separating arc with multiplicity at most two, ~ We can ensure thathe tight curves we construct

and with multiplicity zero at each edge adjacent tointersect each other as few times as possildimg the

the boundary. perturbation scheme already described: The crossing

If b = 0, we can compute i (n?logn) time a  weight of the edges of each created curve is a fixed

tight simple non-separating cycle with multiplicity formal infinitesimale. Thus, the number of curve

one. crossings is used only as a tie-breaking measure when

If g = 0 andb = 2, we can compute i (nlogn)  two curves have the same length with respectto

time a tight simple generating cycle with multiplic-  The following technical lemma, whose proof is omit-

ity one. ted, will be used to prove that our later algorithms

If g = 0 andb = 3, we can compute i®(nlogn)  construct only cycles with constant multiplicity.

time a tight simple cycle with multiplicity at most

two that is homotopic to a chosen boundary cycle.Lemma3.4. Any tight cycle homotopic to a boundary
of a cross-metric surface has multiplicity at most two.

Proof: (a) Shrink the two specified boundaries to

(b)

(©

(d)

pointsa andb and compute a shortest path from 4 Tight Octagonal Decompositions

a to b using Dijkstra's algorithm.  This path In this section, we describe the preprocessing phase

corr.esponds to the desired ar(?xvm. of our path- and cycle-shortening algorithm. tiiyht
Shrink the boundary to a point, and compute  ciaq0nal decompositionf a surface is an arrangement
a shortest non-contractible or non-separating 100Ryt tight simple cycles, each with constant multiplicity,

with basepoinip, using an algorithm of Erickson i, \hich every vertex has degree four and every face
and Har-Peled [13, Lemma 5.4]. This loop corre- 54 eight sides. See Figure 2.

sponds to the desired arc gn.

Compute a shortest non-separating cycle, using
an algorithm of Erickson and Har-Peled [13, [ S ) >~ ) >~ (¢
Cermma 5.4] ‘li =2

Compute a minimum cut i6"* (M) that separates
SinceG*(M) is a planar graph, we can compute Figure 2. An octagonal decomposition built by our algorithm.

the two boundary cycles [20, Propositions 1 and 2].



The universal cover of a tight octagonal decom-

position is combinatorially isomorphic to a tiling of ‘ &@
the hyperbolic plane by regular right-angled octagons.

Thus, our decomposition imposes a crude regular hy- @
perbolic structure on any combinatorial surface, thereby ~ ‘

allowing us to exploit classical results in hyperbolic w SO <>
geometry and combinatorial group theory, primarily in ®)
Sections 4.3 and 5.1.

4.1 Construction. \"@ “~ —
Theorem 4.1. Let M be a cross-metric surface with (c)
complexity n, genusg > 2, and no boundary. In

O(n?logn) time, we can construct a tight octagonal <> <> <> 5
decomposition oM. @

Proof: Our construction algorithm has four phases. ) _ )
Figure 3. (a) The surface M unzipped. (b) Computing 75

Phase 1: Unzipping. We begin by ‘unzipping’ the and ;. (c) Computing o=. (d) The final pants decomposition.
surface into a disk using one tight cycle adg — 1

tight arcs. Letr; be the shortest non-separating cycle inthe boundaries aM; and M
M; let 51 be the shortest argetween the two boundary
components of\ \ 7; and letM; = M\ (11 U 51).
For eachi from 1 to ¢ — 1, let a;41 be the shortest
non-separatingwrc in M;; let g;,11 be the shortest arc
QBetween the two boundaries o¥1; \ «;41; and let
M1 = M\ (ai+1UBi+1). For each, the surfaceM;
has genug—i and one boundary cycle. See Figure 3(a).
Lemma 3.3 implies that thanion of the cycler; and
the arcsa; and G; has multiplicity at most two o\t
(since each curve can have multiplicity two, but no arc
intersects edges &f* crossed by the cycle and the arcs
created before) and that we can compute these curves
O(n?logn) total time.

i—1 \ a; have multiplicity
at most in M; since (by Lemma 3.2) each cyeleand
TZ-:I: is a shortest cycle homotopic, ovi, to a boundary
of M cut alongr, and somey;’s andg;'s, Lemma 3.4
implies that each such cycle has multiplicity at m8st
in M; thus each of them can be computedifr log n)
time by Lemma 3.3(e).

The3g — 3 cyclesry, o1, 7'2+, Ty ,02,. .. ,T;_l, To—1>
o4—1, T4 SPlit M into 2g — 2 pairs of pants. Specifically,
the cycless; partition M into a chain of punctured tori
T1 UTy U --- U T, whereT; andT, each have one
boundary ¢, ando,_;, respectively), and every other
ﬁ has two boundariess{_; ando;). The first torusl;
(resp. the last toru$)) is cut into a pair of pants by,
Phase 2: Pants decomposition. Next, we use the arcs (resp.r,), and each intermediate torisis cut into two
in the previous phase to help construct a se3pf- 3 pairs of pants by the cycle§+ andr; .
tight simple cycles, each with multiplicity)(1), that
decompose(\/l into 29 -9 pairs of pants (Figure 3) Phase 3: Around the holes. In the next phase, we find

Let 7, denote the shortest generating cycle in thetight simple cycles that go ‘around the hole’ of each
annulusM,_; \ a,. Leto, 1 be the shortest cycle in Punctured torusT;, crossing the cycle(s);" exactly
M,_1 \ 7, homotopic to the boundary of1,_;. For  Once.
eachi from g — 1 down to 2, let 7-2.+ be the shortest First consider the torus;. Let o be the shortest non-
cycle in M;_; \ (o U o;) homotopic to a boundary contractible arc irif; \ 7; with both endpoints on the
of M;_1 \ «;; let 7, be the shortest cycle, in the boundarys, and let3 be the shortest non-contractible
component ofM;_1 \ (o; U o; U Tj) that is a pair arcinTy \ c. Finally, let¢; be the shortest generating
of pants, homotopic to a boundary #f; _; \ «;; and cycle in the annulug” \ 5. Becauser; is homotopic to
let o;_1 be the shortest cycle iM; 1 \ (T;r uT) the boundary of \ ¢, the arc3 crosses; exactly once,
homotopic to the boundary o%1;_;. Recall thatr; is SO ¢; also crosses; exactly once. See Figure 4. Since
our original starting cycle. 71 ando; each have constant multiplicity, so dags

In each case, we are computing the shortest cycle A symmetric construction finds atight cyalg in the
homotopic to a boundary of a pair of pants. For each torusTj that crosses, exactly once.



previous phase, Lemma 3.3 implies that this phase of
the algorithm runs irfO(n log n) time.

Figure 4. Left: « and 3. Right: ¢;.

Now, for some2 < i < g — 1, consider the
torus7;, whose boundary consists @f ; ando;. Let
a~ be the shortest non-contractible arc with endpoints
ono;—1 inT; \ (7, U 7). Similarly, leta™ be the _ _ _
shortest non-contractible arc with endpoints gnin 10 Summarize, the tight simple cycles, ¢;, ando;
T; \ (r;f Ur). These arcsy~ anda* split 7; into decompose the surfacé! into octagons exactly as

two annuli, one containingj and the other . Let3+ shown in Fig_ur(? 2. _ Lemma 3.2 implies that each of
and 5~ be shortest arcs, one on each of these annulitN€se cycles is tight . -

joining a point ofo;_; and a point ofo;. The arcg;’ If we do not discard the cycles;, we obtain a tight
crosses;" once and does not cross symmetrically,  hexagonadecomposition of\1. Our remaining results
3 crossesr;” once and does not crosg'. Finally,  ,se an octagonal decomposition, but this hexagonal
let ¢; be the shortest generating cycle in the annulugyecomposition could be used as well, applying exactly
T;\(81UB™); this cycle crosses’ andr;” eachexactly  he same arguments.
once. See Figure 5. Sineg ando; each have constant
multiplicity, so doesp;. 42 Limiting Crossings. In the actual curve-
shortening algorithm, we need to bound the number
of times an input curve crosses the cycles in our
octagonal decomposition. To that end, we will actually
construct our decomposition on a refinement of the
input surfaceM.

LetGt = G (M) be the graph obtained by overlay-
Figure 5. Left: ot and o~. Middle: 8+ and 3~. Right: ¢;. ing the primal graplt (M) and the dual grap&™(M).
The vertices ofG+ are either vertices of7, vertices
of G*, or intersections between an edgef G and its
dual edge* in G*. Each edge of; and dual edge i
is partitioned into two edges iG*. Finally, each face
of Gt is a quadrilateral.
Phase 4: Around the handles. Finally, for eachs To treat M as a cross-metric surface with ‘dual’
betweenl and g — 1, let M; be the pair of ‘monkey graphG™, we assign a crossing weight to each edge
pants’ formed by gluing together the two pairs of pantsof G as follows. Ifet is on the boundary aM, it has
with ¢; as their common boundary. The boundaries ofcrossing weighto. If e is contained in a dual edgé
M; arer;t, 7,7, 7/, andr . (Herer;” andr; denote  or e, it has the same crossing weight as that dual edge.
the two copies of in M;, and7,” and7,” denote the If et is contained in an edge @, its crossing weight
two copies ofr, in M,_1.) Let 37 be the shortest arc is a fixed formal infinitesimat’ < . Any curves that
in M; \ (¢; U ¢i11) betweenr;t andr;, |, and let3~ be  are tight with respect t6:* are also tight with respect
the shortest arc id/; \ (¢; U ¢;11 U 1) betweenr,” to G*. Among all tight curves that cross each other as
andr; ;. The arcs3™ and3~ are disjoint and cross; few times as possible, our algorithms choose curves that
exactly once. Finally, le@; be the shortest generating cross the edges @f as few times as possible.
cycle in the annulusg/; \ (8T U 7). We easily verify We actually apply Theorem 4.1 in this augmented
that #; crossess; exactly twice andp; and ¢, each  cross-metric surface. 10 (n%logn) time, we obtain
exactly once. See Figure 6. Finally, since all the earlieran octagonal decompositigfi of M where each cycle
cycles have constant multiplicity, so dogs As in the s tight, each edge af* is crossed)(1) times by each

Figure 6. Left: 3™ and 3~. Right: 6,.

Lemma 3.3 implies that each curgg is computed
in time O(n; logn;), wheren; denotes the complexity
of T;. Since) _, n; = O(n), the overall running time of
this phase i£)(nlogn).



cycle inO, and each edge @f is crossed)(1) times by
each cycle irO. In particular, any walk irG of lengthk
crosses the cycles i1 a total ofO(gk) times.

4.3 TheUniversal Cover. Let O be a tight octago-
nal decomposition of a surfac&t without boundary.
As we mentioned earlier, the universal cover of this
decomposition is isomorphic to the regular tiling of the

Proof: Removing an octagon with at least five consec-

utive sides on the boundary of the union reduces the
perimeter by at least two. The base case is a single
octagon. ]

Lemma 4.5. Between any two points iM, there is a
shortest path that crosses each lin®iat most once.

Proof: Fix two pointsw and z in M, and letp be a

hyperbolic disk by right-angled octagons; see Figure 7shortest path fromw to = that intersects the line® as

This regular tiling can also be viewed as an infinite
arrangement of hyperbolic lines. Building on this
intuition, we call any lift of a cycle irO to the universal
cover M aline. The set of lines is denoted b@
This terminology is further motivated by Lemmas 4.2
and 4.5.

Figure 7. Universal cover of a tight octagonal decomposition.

Lemma4.2. No two lines inO cross more than once.

Proof (sketch): Let & and 3 be arbitrary lines in®,
obtained by lifting two intersecting cycles and 3
in O. (Any two lifts of disjoint cycles, or of the same

few times as possible. ff crosses some linétwice, at
pointsz andy, thenp and/ form a bigon. Sincéis allift

of a tight cycle, every subpath éfis a shortest path, by
Lemma 3.1. Thus, we can remove the bigon fraioy
replacing the subpath fromto y with the shortest path

in . Since any pair of lines i intersect at most once,
this exchange results in a path with fewer line crossings
(and possibly shorter length), which is impossiblel]

5 Shortening Paths and Cycles

In this section, we describe how to compute a tight
path or cycle homotopic to a given path or cycle in
polynomial time. Our algorithm is much faster than
previous results [4, 5, 6], and unlike those results, our
algorithm does not require the input curve to be simple.
We focus on surfaces of genus at least two, without
boundaries; this is the most difficult case.

Consider an arbitrary paghon a surface\t. Letp be
a lift of p to the universal covet, and let’ be a short-
est path inM between the endpoints gf Projectingp’
back down toM gives us a shortest path homotopic
to p. Our algorithm exploits this characterization by
constructing a subset oM of small complexity that
contains bothp and some shortest pafh. Compared

cycle, are disjoint, so this is the only interesting case.)}to previous approaches [9, 21], the construction of this

Cyclesa andg intersect exactly once; the Unésand@
intersect only at lifts ofa N 3. If & and 3 intersect
more than once, the segmentscofind 3 between any

part of the universal cover is very simple once we have
computed an octagonal decomposition of the surface.

two intersection points are homotopic paths. Projecting®-1 Buildingthe Relevant Region. Let O be atight

these paths back down 1 gives us two homotopic
loops based at N 3, one wrapping around: and the
other wrapping around. But this implies thaty and 8
are homotopic, which is impossible. d

Lemma4.3 (Dehn [7], [22, p. 188]). Let S be the

bounded union of at least two octagons in the regularC

right-angled octagon tiling. At least two octagonsSin
have five consecutive sides on the boundarg .of

Lemmad4.4. Any union of N octagons in the regular
right-angled octagon tiling has perimeter at |I@d$t-6.

octagonal decomposition of a surfade with genus
g > 2 and no boundary. Consider a pattin M, and
let p be a lift of p to the universal coveM. For any
line ¢ in O, let ¢+ denote the component g \ ¢ that
contains the starting poipt0).

Let ¢1,0,...,0, be the sequence of lines i
rossed byp, in order of their first crossing. Let
Ly = @, and for any positive integey let £; = L£; 1 U
{¢;}. For eachi betweend andz, let M, be the subset
of M reachable fronp(0) by crossing only (a subset
of) lines in£;, in any order. Combinatorially, the region



ﬁ/lvi is a convex polygon formed by intersecting the half- Lemma 5.3. ﬁ/(vz contains at mostz — 3 octagons.
planes/™ for all lines/ not in the set;. By Lemma 4.5,
and since each line is separating, there exists a shorte
pathp’ between the endpoints @fthat crosses only a
subset of the lines thai crosses; sg’ is contained

in M. For this reasonM., is called theelevant region

of M (with respect t).

g’{oof: Each vertex on the boundary ﬁz has degree

2 or 3. Every degrees boundary vertex is the intersec-
tion of some line/; with the boundary of\1... Because
M, is convex, there are at mogk such vertices.
Between any pair of degre&boundary vertices, there
are trivially at most degree2 boundary vertices, all on
Lemmab.l. Foralli > 1, ¢; N ﬂ/lvi_l is a connected the boundary of the same octagon. Thus, the perimeter
subset of the boundary Mi_l. of M, is at mostl4z. The lemma now follows directly

_ — o —~ from Lemma 4.4. O
Proof: Since M \ ¢; is disconnected(; N M,;_; is a

subset ofaﬂi_ll Let ¢;[x,y] be the segment of; Constructing the relevant regioi, is now straight-
between two points andy in £; N M,_;, and suppose forward. My is a copy of the octagon containing the
some line¢ crosses/;[z,y]. Since two lines cross at Source ofp. To computeM;, we follow p until it exits
most once/ intersects the interior ab;_,, so¢ must (€ previous region\;_;. At the exit point, the path
be in the set; ;. It follows that the entire segment IS Crossingl; into some octago; (with the notation
t;[x,y] is a subset 0OM,_;. ] of/FigureOEB). To completeM;, we append the octagons
Lemma 5.1 implies that; intersects@ﬂi_l along a ' ¢
connected set of octagoii, O, ...,0,. For eachk 5.2 Tightening Paths.

/ 1 .
betweerl andu, letO;, be the reflection oD, acrosd/;. Theorem 5.4. Let M be a combinatorial surface with

See Figure 8. The octagon¥, do not belong toM;_;. complexityn, genusy > 2, and no boundary. Let be
a (not necessarily simple) path @, represented as a
walk in G(M) with complexityk. After preprocessing
the surface inO(n*logn) time, we can compute a
shortest path’ homotopic top with complexity k' =
O(gnk) in time O(gk + gnk), wherek = min{k, k'}.

Proof: The preprocessing consists of building the tight
octagonal decompositiof on the cross-metric surface
defined byG*(M). Letz be the number of crossings

Figure 8. From M;_; (dark shaded) to M; (all shaded). of p with O; as we argued earlier, = O(gk). Letp be
an arbitrary lift ofp to the universal coveM. We first
Lemma52. M, = M, ;U oL u0! compute the relevant region of the universal cover with
2. M = M;_ .

respect t@, ignoring the internal structure of the surface
Proof: Let NV = O} U ---U O, (the lightly shaded within each octagon ab. In other words, we construct
region in Figure 8). To prove the lemma, it suffices toa subset of the abstract regular right-angled octagon
show that none of the lines boundirg are in the set tiling. The construction is described by Lemma 5.2. We
L = {t,...,¢;_1}. Obviously/; is not in this set. require only constant time for every edge ofevery
Each octagorD;, is bounded by eight lines?;, two  crossing betweep andO, and every relevant octagon;
inner lines that crosg; at a vertex o0, , and fiveouter ~ Lemma 5.3 shows that this phase takes t{é + x).
lines. If some outer line intersectef, then we could Now let L be the set of lines crossed an odd number
construct a disk in the tiling bounded by at most five of times byp. Since each line separatdd, then, by
lines, which would contradict Lemma 4.3. Since everyLemma 4.5, there is a shortest paftwith the same
line in £ has a point inéj, no outer line can be if. endpoints ap that crosses each line i exactly once
Only the first and last inner lines contribute a side to theand no other line. Let’ be the number of lines id..
boundary ofN. Neither of these two lines is i, for ~ We now compute the set of octagons accessible from
otherwise one of the starred octagons in Figure 8 wouldy(0) by crossing only these lines, this time building also
also belong toM;_;. O the internal surface structure of the octagons. There



are O(x’) such octagons by Lemma 5.3; since each6 Surfaceswith Boundary

cycle in O has constant multiplicity, each octagon hastpe algorithms for shortening paths and cycles on
complexity O(n). Thus, the relevant region has total g rfaces with boundary are much simpler than our
complexity O(z'n) and can be constructed in time ¢qrresponding results for boundary-free surfaces, al-
O(z'n). though they follow roughly the same high-level ap-
Finally, we compute a shortest pgthbetween the proach. Specifically, the existence of at least one
endpoints ofp in this relevant region, in timé(z'n)  poundary allows to build a decomposition of the sur-
using the planar shortest path algorithm by Henzingekgce usingdisjoint simple arcs  Let M be a(g, b)-
etal. [17]. By giving the lined. infinitesimal crossing  syrface. Using a variation of an algorithm by Erickson
weight, we guarantee thatf crosses each line i and Whittlesey [14], we compute a set 6fg + b)
exactly once. The projectiof’ = 7(p') onto G(M) disjoint simple tight arcs, each of multiplicity at most
is the desired output path. two, cutting the surface into disks that are incident to
The complexity &' of p' is at mostO(z'n) three arcs, i ((g + b)n + nlogn) time. Thistight
O(xn) = O(gnk). To complete the time analysis, we triangulated system of ards the analogue of the tight
observe that’ = O(gmin{k, k'}). [ octagonal decomposition; given an input path or cycle,
we similarly (but more easily) define the relevant region
' of the universal cover in which the output path or cycle
can be searched. Our algorithms essentially follow
the technique of Hershberger and Snoeyink [18], only

For the torus, we can apply a similar algorithm
only using a tightsquaredecomposition comprised of
two tight non-separating cycles that cross exactly once
which we can compute '@2(n2 logn) time. HOWever, ,qih0 4 certain collection of tight arcs in place of a
the relevant region ha@_(;:: ) squares; Lemma 5j3 no triangulation. We obtain:
longer holds in this setting. Otherwise, the algorithm is
unchanged. The running time @(k® + nk?), where
k = min{k, ¥’} andk’ = O(nk?) is the complexity of
the output path.

Theorem 6.1. Let M be a combinatorial surface with
complexityn, genusgy, andb boundaries. Leat be a (not
necessarily simple) path or cycle n, represented as a
walk in G(M) with complexityk. After preprocessing
5.3 Tightening Cycles. Our algorithm for tighten-  the surface ird((g + b)n + nlogn) time, we can com-
ing cycles uses similar ideas as for paths. The majopute a shortest curvé homotopic ta: with complexity
difference is that we lift the input cycteto thecylindric i/ = O((g + b)nk) in time O((g + b)k + (g + b)nk) if
covergenerated by; this is a covering space in which ¢ js a path 0O ((g + b)k + (g + b)nk log(nk)) if cis a
every simple cycle is either contractible or homotopic cycle, wherg: = min{k, k'}.

to a lift of v [12, Lemma 2.5], [16, Proposition 1.36].
Topologically, the cylindric cover is an annulus, from 7 Better Analysis of Loop and Cycle Shortening
which we can extract a relevant (annular) region of
small complexity. We compute the output cycle using
Lemma 3.3(d).

We can prove that the algorithms of Colin de Verdiere
and Lazarus [4, 5, 6] run in time polynomial in the
complexity of their input: the number of vertices, edges,
and faces of the surface, plus the total number of edges
of the input curves. Previously, these algorithms were
only known to work in time polynomial in the size of the
input and in the ratio between the largest and smallest
length of an edge of the input surface.

These algorithms shorten a set of curves by iteratively
replacing each curve by a tight curve in some simple
space (a disk or a pair of pants). The number of
iterations depends on the number of crossings between
In the case of the torus, again a tight square dethe input curves and a tight curve homotopic to one of

Theorem 5.5. Let M be a combinatorial surface with
complexityn, genusg > 2, and no boundary. Let
be a (not necessarily simple) cycle #nt, represented
as a closed walk iriz(M) with complexity k. After
preprocessing the surface @(n?logn) time, we can
compute a shortest cyct¢ homotopic toy with com-
plexity k' = O(gnk) in time O(gk + gnklog(nk)),
wherek = min{k, k'}.

composition can be used. After the us@n? logn)-
time preprocessing, the algorithm runs in tiék? +
nk?log(nk)).

the input curves. The existence of a tight octagonal
decomposition (or of a tight triangulated system of arcs)
with low multiplicity allows to bound the complexity of



a shortest curve homotopic to a given curve, and hence[7] M. Dehn. Transformation der Kurven auf zweiseitigen
the number of iterations. An independent argument  FlachenMath. Ann.72:413-421,1912.
shows that each iteration actually does not increase too[8] T. K. Dey and S. Guha. Transforming curves on

much the complexity of the curves. Our results are: surfacesJ. Computer Syst. S&8:297-325, 1999.
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Lazarus [6] for shortening a fundamental system of 14:93-110, 1995. _ _
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Theorem 7.3. On a combinatorial g, b)-surface with Acta Mathematicd 15:83-107. 1966.
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complexityk has running-time&((g+0b)*nk* log(nk)). 59 2004.

complexityn, the algorithm of Colin de Verdiére [4] for
shortening a cut system by graph of complexithas 11]
running-timeO((g + b)*nk*).

[14] J. Erickson and K. Whittlesey. Greedy optimal homo-
Acknowledgments. The authors would like to thank topy and homology generatotroc. 16th Annu. ACM-
Kim Whittlesey for helpful comments on topology and SIAM Sympos. Discrete Algorithni38-1046, 2005.
combinatorial group theory, and Francis Lazarus forl15] G. N. Frederickson. Fast algorithms for shortest paths
several discussions (notably on the use of the cylindric N Planar graphs, with applicationsSIAM J. Comput.
cover and on a part of the proof of Theorem 7.1) that 16(6):1004-1022, 1_987' ) o
arose when writing previous papers [5, 6]. Jeff would [16] A. Hatcher.Algebraic topology Cambridge University

. . . G P , 2002(http:// .math. ll.eduhatchery.

also like to thank Michel Pocchiola for his invitation to ress . thttp mea cornell.eduhatcherf .
isit ENS. wh thi K initiated [17] M. Henzinger, P. Klein, S. Rao, and S. Subramanian.

VIS » Where this work was initiated. Faster shortest-path algorithms for planar grapis.

Comput. System S&5(1, part 1):3-23, 1997.

References [18] J. Hershberger and J. Snoeyink. Computing minimum

[1] S. Bespamyatnikh. Computing homotopic shortest length paths of a given homotopy clag&omput. Geom.
paths in the planel. Algorithms49(2):284—-303, 2003. Theory Appl4:63-98, 1994.

[2] S. Cabello, Y. Liu, A. Mantler, and J. Snoeyink. Testing [19] F. Lazarus, M. Pocchiola, G. Vegter, and A. Verroust.
homotopy for paths in the planeDiscrete Comput. Computing a canonical polygonal schema of an ori-
Geom.31:61-81, 2004. entable triangulated surfaceProc. 17th Annu. ACM

[3] S. Cabello and B. Mohar. Finding shortest non- Sympos. Comput. Gegr80-89, 2001.
separating and non-contractible cycles for topologically[20] J. H. Reif. Minimums-t cut of a planar undirected
embedded graph®roc. 13th Annu. European Sympos. network in O(nlog®(n)) time. SIAM J. Comput.
Algorithms 2005. To appear. 12(1):71-81, 1983.

[4] E. Colin de Verdiere Raccourcissement de courbes et [21] H. Schipper. Determining contractibility of curves.
decomposition de surfaces [Shortening of Curves and Proc. 8th Annu. ACM Sympos. Comput. Ggodd8—

Decomposition of SurfacesPh.D. thesis, University of 367, 1992.
Paris 7, Dec. 2003http://www.di.ens.frrcolin/textes/  [22] J. Stillwell. Classical Topology and Combinatorial
these.htnjl. Group Theory Springer-Verlag, New York, 1993.

[5] E. Colin de Verdiere and F. Lazarus. Optimal pants [23] G. Vegter and C. K. Yap. Computational complexity of
decompositions and shortest homotopic cycles on an combinatorial surfaces?roc. 6th Annu. ACM Sympos.
orientable surface?roc. 11th Sympos. Graph Drawing Comput. Geom102-111, 1990.

478-490, 2003. Lecture Notes Comput. Sci. 2912.

[6] E. Colin de Verdiere and F. Lazarus. Optimal system of

loops on an orientable surfadeiscrete Comput. Geom.
33(3):507-534, 2005.



