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Abstract

We establish new lower bounds on the complexity of
the following basic geometric problem, attributed to John
Hopcroft: Given a set of n points and m hyperplanes in
IRd, is any point contained in any hyperplane? We de�ne
a general class of partitioning algorithms, and show that in
the worst case, for all m and n, any such algorithm requires
time 
(n logm+ n

2=3
m

2=3 +m log n) in two dimensions, or

(n logm+n

5=6
m

1=2+n
1=2

m
5=6+m log n) in three or more

dimensions. We obtain slightly higher bounds for the count-
ing version of Hopcroft's problem in four or more dimensions.
Our planar lower bound is within a factor of 2O(log�(n+m))

of the best known upper bound, due to Matou�sek. Previ-
ously, the best known lower bound, in any dimension, was

(n logm +m log n). We develop our lower bounds in two
stages. First we de�ne a combinatorial representation of
the relative order type of a set of points and hyperplanes,
called a monochromatic cover, and derive lower bounds on
the complexity of this representation. We then show that
the running time of any partitioning algorithm is bounded
below by the size of some monochromatic cover.

1 Introduction

In the early 1980's, John Hopcroft posed the following
problem to several members of the computer science
community.

Given a set of n points and n lines in the plane,
does any point lie on a line?

Hopcroft's problem arises as a special case of many
other geometric problems, including point location,
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9058440. An earlier version of this paper was published as Tech-

nical Report A/04/94, Fachbereich Informatik, Universit�at des
Saarlandes, Saarbr�ucken, Germany, November 1994.

range searching, motion planning, collision detection,
ray shooting, and hidden surface removal.

The earliest sub-quadratic algorithm for Hopcroft's
problem, due to Chazelle [6], runs in time O(n1:695).
A very simple algorithm, attributed to Hopcroft and
Seidel [12], runs in time O(n3=2 log1=2 n). (See [13,
p. 350].) Cole et al. [12] combined these two algo-
rithms, achieving a running time of O(n1:412). Edels-
brunner et al. [15] developed a randomized algorithm
with expected running time O(n4=3+").1 Further re-
search replaced the n

" term in this upper bound with
a succession of smaller and smaller polylogarithmic fac-
tors [10, 14, 1, 8]. The fastest known algorithm, due to
Matou�sek [22], runs in time n4=32O(log

�
n).2 Matou�sek's

algorithm can be tuned to detect incidences among n

points and m lines in the plane in time O(n logm +
n
2=3

m
2=32O(log

�(n+m)) + m logn) [5], or more gener-
ally among n points and m hyperplanes in IRd in time
O(n logm + n

d=(d+1)
m

d=(d+1)2O(log
�(n+m)) +m logn):

The lower bound history is much shorter. The only
previously known lower bound is 
(n logm + m logn),
in the algebraic decision tree and algebraic computation
tree models, by reduction from the problem of detecting
an intersection between two sets of real numbers [23, 3].

In this paper, we establish new lower bounds on the
complexity of Hopcroft's problem. We formally de�ne a
general class of partitioning algorithms, which includes
most (if not all) of the algorithmsmentioned above, and
show that any such algorithm can be forced to take time

(n logm + n

2=3
m
2=3 + m logn) in two dimensions, or


(n logm+ n
5=6

m
1=2 + n

1=2
m
5=6 +m logn) in three or

more dimensions. We improve this lower bound slightly
in dimensions four and higher for the counting version of
Hopcroft's problem, where we want to know the number
of incident point-hyperplane pairs.

1In time bounds of this form, " refers to an arbitrary posi-

tive constant. The multiplicative constants hidden in the big-Oh
notation depend on ", and tend to in�nity as " approaches zero.

2The iterated logarithm log� n is de�ned to be 1 for all n � 2
and 1 + log�(log2 n) for all n � 2.
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Some related results deserve to be mentioned here.
Erd}os constructed a set of n points and n lines in the
plane with 
(n4=3) incident point-line pairs [13]. It fol-
lows immediately that any algorithm that reports all
incident pairs requires time 
(n4=3) in the worst case.
Of course, we cannot apply this argument to either the
decision version or the counting version of Hopcroft's
problem, since the output size for these problems is con-
stant. We use Erd}os' construction to establish our pla-
nar lower bounds.

Chazelle has established lower bounds for the closely
related simplex range counting problem: Given a set
of points and a set of simplices, how many points are
in each simplex? For example, in the online case, any
data structure of size s that supports arbitrary triangu-
lar range queries among n points in the plane requires

(n=

p
s) time per query [7]. It follows that answering n

queries over n points requires 
(n4=3) time in the worst
case. For the o�ine version of the same problem, where
all the triangles are known in advance, Chazelle estab-
lishes a slightly weaker bound of 
(n4=3= log4=3 n) [9],
although an 
(n4=3) lower bound follows easily from
the Erd}os construction using Chazelle's methods. Both
lower bounds hold in the Fredman/Yao semigroup arith-
metic model [19], in which we give the points arbitrary
weights from a semigroup, and count the number of
arithmetic operations required to calculate the answer.
Unfortunately, this model is inappropriate for studying
Hopcroft's problem. If there are no incidences, the we
perform no additions; conversely, if we perform a single
addition, there must be an incidence. In a later section
of this paper, we extend Chazelle's o�ine lower bounds
to a counting version of Hopcroft's problem.

The paper is organized as follows. In Section 2, we de-
rive a quadratic lower bound for Hopcroft's problem in a
restricted model of computation. In Section 3, we de�ne
a combinatorial representation of the relative order type
of a set of points and hyperplanes, called a monochro-

matic cover, and derive lower bounds on the complex-
ity of this representation. In Section 4, we formally
de�ne the class of partitioning algorithms, and prove
that the running time of such an algorithm that decides
Hopcroft's problem is bounded below by the complexity
of some monochromatic cover. In Section 5, we discuss
a number of related geometric problems for which our
techniques give new lower bounds. Finally, in Section 6,
we o�er our conclusions and suggest directions for fur-
ther research.

2 A Simple Quadratic Lower Bound

Erickson and Seidel [18] have proven a number of lower
bounds on other geometric degeneracy-detection prob-

(a) (b)

Figure 1. A quadratic lower bound for Hopcroft's problem.

(a) The original adversary input. (b) The \collapsed" input.

lems, under a model of computation in which only a
limited number of geometric primitives are allowed. For
example, 
(n2) sidedness queries are required to decide
whether a set of n points in the plane contain a collinear
triple.

The corresponding simple primitive for Hopcroft's
problem is the relative orientation query: Given a point
and a hyperplane, does the point lie above, on, or below
the hyperplane? Surprisingly, we can easily establish a
quadratic lower bound for Hopcroft's problem if this is
the only primitive we are allowed.

Theorem 2.1. In the worst case, 
(mn) relative orien-
tation queries are required to decide Hopcroft's problem

in IRd, for any d � 1.

Proof: The lower bound follows from a simple adver-
sary argument. The adversary presents the algorithm
with a set of n points and m hyperplanes in which ev-
ery point is above every hyperplane. If the algorithm
does not perform a relative orientation query for some

point/hyperplane pair, the adversary can move that
point onto that hyperplane without changing the rel-
tive orientation of any other pair. See Figure 1. The
algorithm cannot tell the two sets apart, even though
one has an incidence and the other does not. 2

In fact, this argument applies to the much easier prob-

lem \Is every point above every hyperplane?", for which
there is a linear-time algorithm in one dimension and
O(n logm + m logn)-time algorithms in two and three
dimensions, all of which are optimal. In two and higher

dimensions, we can strengthen the model of computa-
tion to include several other primitives, such as sided-
ness queries and coordinate comparisons, and still main-
tain the quadratic lower bound. It appears that higher-
order primitives such as \Is this point to the left or right
of the intersection of these two lines?" are necessary to
achieve nontrivial upper bounds. If we allow either of
these two primitives, however, it seems unlikely that
the techniques developed in [18] can be used to derive
nontrivial lower bounds.

We omit further details from this extended abstract.
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3 Monochromatic Covers

Let P = fp1; p2; : : : ; png be a set of points and H =
fh1; h2; : : : ; hmg a set of hyperplanes in IRd. These
two sets induce a relative orientation matrixM (P;H) 2
f+; 0;�gn�m whose (i; j)'th entry denotes whether the
point p

i
is above, on, or below the hyperplane h

j
. Any

minor of the matrixM (P;H) is itself a relative orienta-
tion matrix M (P 0

;H
0), for some P 0 � P and H

0 � H.
Hopcroft's problem is to decide, given P andH, whether
the matrix M (P;H) contains a zero.

We call a sign matrix monochromatic if all its entries
are equal. A minor cover of a matrix is a set of minors
whose union is the entire matrix. If every minor in
the cover is monochromatic, we call it a monochromatic

cover. The size of a minor is the number of rows plus
the number of columns; the size of a minor cover is the

sum of the sizes of the minors in the cover.

Monochromatic covers for 0-1 matrices have been pre-
viously used to prove lower bounds for various commu-
nication complexity problems [21]. Typically, however,
these results make use of the number of minors in the
cover, not the size of the cover as we de�ne it here.3

A similar concept was introduced by Tarj�an [26] in the
context of switching theory. He considers (in our ter-
minology) sets of monochromatic minors that cover the
ones in a given 0-1 matrix, or equivalently, sets of bipar-
tite cliques that cover a given bipartite graph. Tuza [27]
showed that every n � m 0-1 matrix has such a cover
of size O(nm= log(max(m;n))), and that this bound is
tight in the worst case, up to constant factors. These
results apply immediately to monochromatic covers of
arbitrary sign matrices. See also [2] for a geometric ap-
plication of bipartite clique covers.

Given a set of points and hyperplanes, a monochro-
matic cover of its relative orientation matrix provides

a succinct combinatorial representation of the relative
order type of the set. In particular, if no point lies on
any hyperplane, a monochromatic cover provides a proof

of this fact. If we consider a model of computation in
which algorithms are allowed to ask questions of the
form \Is this minor monochromatic?" at a cost equal
to the size of the minor4, then the size of the smallest
monochromatic cover is a lower bound for the running
time of any algorithm that decides Hopcroft's problem,
given a set of points and hyperplanes with no incidences.

3Any sign matrix can be covered by 3min(m;n) monochro-

matic minors. Furthermore, there are sets of n points and m

lines in the plane whose relative orientation matrices require
3min(m;n) monochromatic minors to cover them.

4This cost assumption is rather unrealistic. Deciding whether

a set of n points andm hyperplanes has a monochromatic relative
orientationmatrix requires 
(n logm+m logn) time, and almost
certainly more in dimensions four and higher. Fortunately for us,
the cost assumption is unrealistic in the right direction.

Let �(P;H) denote the minimum size of any
monochromatic cover of the relative orientation ma-
trix M (P;H). Let �

d
(n;m) denote the maximum of

�(P;H), where P ranges over all sets of n points in IRd,
and H ranges over all sets of m hyperplanes in IRd. Let
�
�
d
(n;m) denote the maximum of �(P;H) over all sets

of points and hyperplanes with no incidences. Clearly,
�
d
(n;m) � �

�
d
(n;m).

We are also interested in the following related quan-
tity. Call any collection of monochromatic minors that
covers all (and only) the zero entries in a sign ma-
trix a zero cover. Let �(P;H) denote the minimum
size of any zero cover of the relative orientation matrix
M (P;H), and let �

d
(n;m) be the maximum of �(P;H)

over all sets of n points and m hyperplanes in IRd. If
P and H have no incidences, �(P;H) = 0. Since ev-
ery monochromatic cover must include a zero cover, we
have �

d
(n;m) � �

d
(n;m).

In the remainder of this section, we develop asymp-
totic lower bounds for ��

d
(n;m) and �

d
(n;m), which in

turn imply lower bounds for �
d
(n;m).

3.1 Simple Covers

Relative orientation matrices are de�ned in terms of a
�xed (projective) coordinate system, which determines
what it means for a point to be \above" or \below" a
hyperplane. More generally, we can assign an absolute
orientation to each point and hyperplane, and de�ne
relative orientations with respect to these assigned ori-
entations. (See [24].) The orientations of the points and
hyperplanes determine which minors of the relative ori-
entation matrix are monochromatic, and therefore de-
termine the minimum monochromatic cover size.
Surprisingly, however, the minimum monochromatic

cover size is independent of any choice of absolute orien-
tations, up to a factor of two. We prove an even stronger

result. Call a sign matrix simple if it can be changed
in to a monochromatic matrix by inverting some set
of rows and columns. A simple cover is a minor cover
in which every minor is simple. A set of points and
hyperplanes has a simple relative orientation matrix if
and only if every hyperplane partitions the points into
the same two subsets, or equivalently, if and only if the
points all lie in the same open full-dimensional (projec-
tive) cell of the arrangement of hyperplanes. See Fig-
ure 2.
Let �(P;H) denote the minimum size of any simple

cover of the relative orientation matrix M (P;H). Note
that changing the orientations of the points P and hy-
perplanes H preserves all simple minors. Thus, �(P;H)
is strictly independent of the orientations assigned to
P and H. We bound �(P;H) in terms of �(P;H) as
follows.
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Figure 2. Three collections of points and lines with simple

relative orientation matrices.

Theorem 3.1. �(P;H) � �(P;H) � 2�(P;H)

Proof: Every monochromaticminor is also a simplemi-
nor. Every simple minor can be partitioned into four
monochromatic minors, whose total size is twice that of
the original minor. 2

3.2 Two Dimensions

Let I(P;H) denote the number of incident point-
hyperplane pairs between a set of points P and a set
of hyperplanes H. To derive lower bounds for ��2(n;m)
and �2(n;m), we use the following combinatorial result
of Erd}os. (See [19] or [13, p.112] for proofs.)

Lemma 3.2 (Erd}os). For all n and m, there is a

set of n points and m lines in the plane with 
(n +
n
2=3

m
2=3 +m) incident pairs.

Fredman [19] uses Erd}os' construction to prove lower
bounds for dynamic range query data structures in the
plane.5 The Erd}os lower bound is asymptotically tight.
The corresponding upper bound was �rst proven by Sze-
mer�edi and Trotter [25]. A much simpler proof, with
better constants, was later given by Clarkson et al. [11]

Theorem 3.3. The two-dimensional zero cover size

�2(n;m) = 
(n+ n
2=3

m
2=3 +m).

Proof: It is not possible for two distinct points to both
be adjacent to two distinct lines; any mutually incident
set of points and lines has either exactly one point or
exactly one line. It follows that for any set P of points
and H of lines in the plane, �(P;H) � I(P;H). The
theorem now follows from Lemma 3.2. 2

Theorem 3.4. The two-dimensional monochromatic

cover size ��2(n;m) = 
(n+ n
2=3

m
2=3 +m).

5Perhaps it is more interesting that Chazelle's static lower
bounds [7] do not use this construction.

Proof: Consider any con�guration of n points and m=2
lines with 
(n+n

2=3
m
2=3+m) point-line incidences, as

given by Lemma 3.2. Replace each line ` in this con�g-
uration with a pair of lines, parallel to ` and at distance
" on either side, where " is a constant, su�ciently small
that all point-line distances in the new con�guration are
at least ". The resulting con�guration of n points and
m lines clearly has no point-line incidences. We call
a point-line pair in this con�guration close if the dis-
tance between the point and the line is ". There are

(n+ n

2=3
m
2=3 +m) such pairs.

Now consider a single monochromatic minor in the
relative orientation matrix of these points and lines. Let
P
0 denote the set of points and H

0 the set of lines rep-
resented in this minor. We claim that the number of
close pairs between P

0 and H
0 is small.

Without loss of generality, we can assume that all the

points are above all the lines. If a point is close to a line,
the point must be on the convex hull of P 0, and the line
must support the upper envelope of H0. Thus, we can
assume that both P

0 and H
0 are in convex position. In

particular, we can order both the points and lines from
left to right.

Either the leftmost point is close to at most one line,
or the leftmost line is close to at most one point. It
follows inductively that the number of close pairs is at
most jP 0j+ jH0j, which is exactly the size of the minor.
The theorem follows immediately. 2

3.3 Three Dimensions

The technique we used in the plane does not generalize
immediately to higher dimensions. Even in three dimen-
sions, there are collections of points and planes where
every point is incident to every plane. See Figure 3. Of
course, we can cover the relative orientation matrix of
such a con�guration with a single zero minor. If we ap-
ply the plane-doubling trick to such a set to eliminate
all incidences, the relative orientation matrix of the re-
sulting set is always simple. Thus, in order to derive a
lower bound for either �3(m;n) or ��3(n;m), we need a
construction of points and planes with many incidences,
but without large sets of mutually incident points and
planes.

We use the notation [n] to denote the set of integers
f1; 2; : : :; ng, and i ? j to mean that i and j are rel-
atively prime. We also use (without proof) a number
of simple number-theoretic results concerning the Euler
totient function �(n), the number of positive integers
less than n that are relatively prime to n. We refer the
reader to [20] for relevant background.

Lemma 3.5. For all n and m such that bn1=3c < m,

there exists a set P of n points and a set H of m planes,
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Figure 3. Every point is incident to every plane.

such that I(P;H) = 
(n5=6m1=2) and any three planes

in H intersect in at most one point.

Proof: Fix su�ciently large n and m such that
bn1=3c < m. Let h(a; b; c; i; j) denote the plane pass-
ing through the points (a; b; c), (a + i; b + j; c) and
(a+ i; b; c+ i� j). Let p = bn1=3c and q = b�(m=p)1=4c
for some suitable constant � > 0. (Note that with n

su�ciently large and m in the indicated range, p and q

are both positive integers.)

Now consider the points P = [p]3 = f(x; y; z) j
x; y; z 2 [p]g and the hyperplanes

H =
�
h(a; b; c; i; j)

��
i 2 [q]; j 2 [i]; i ? j; a 2 [i]; b 2 [j]; c 2

�
bp=2c

� 	
The number of planes in H is

j
p

2

k qX
i=1

iX
j=1
j?i

j =
j
p

2

k qX
i=1

i
2
�(i)

2
= O(pq4) = O(m):

By choosing the constant � appropriately and possibly
adding in o(m) extra planes, we can ensure that H con-
tains exactly m planes. We claim that this collection of
points and planes satis�es the lemma.

Consider a single plane h = h(a; b; c; i; j) 2 H. Since
i, j, and i� j are pairwise relatively prime, h intersects
exactly one point (x; y; z) such that x 2 [i] and y 2 [j],
namely, the point (a; b; c). Thus, for each �xed i and j

we use, the planes h(a; b; c; i; j) 2 H are distinct. Since
planes with di�erent \slopes" are clearly di�erent, it
follows that the planes in H are distinct.

For all k 2 [bp=2ic], the intersection of h(a; b; c; i; j) 2
H with the plane x = a + ki contains at least k points
of P . It follows that

��P \ h(a; b; c; i; j)
�� � bp=2icX

k=1

k >
1

2

j
p

2i

k2
:

Thus, the total number of incidences between P and H

can be calculated as follows.

I(P;H) �
j
p

2

k qX
i=1

i

iX
j=1
i?j

j

2

j
p

2i

k2

�
j
p

2

k3 qX
i=1

iX
j=1

i?j

j

2i

=
j
p

2

k3 qX
i=1

�(i)

4

= 
(p3q2)

= 
(n5=6m1=2)

Finally, If H contains three planes that intersect in
a line, the intersection of those planes with the plane
x = 0 must consist of three concurrent lines. It su�ces
to consider only the planes passing through the point
(1; 1; 1), since for any other triple of planes in H there
is a parallel triple passing through that point. The in-
tersection of h(1; 1; 1; i; j) with the plane x = 0 is the
line through (0; 1� j=i; 1) and (0; 1; j=i). Since i ? j,
each such plane determines a unique line. Furthermore,
since all these lines are tangent to a parabola, no three of
them are concurrent. It follows that the intersection of
any three planes in H consists of at most one point. 2

Edelsbrunner et al. [15] prove an upper bound of
O(n logm+n

4=5+2"
m
3=5�"+m) on the maximumnum-

ber of incidences between n points and m planes, where
no three planes contain a common line. Using the prob-
abilistic counting techniques of Clarkson et al. [11], we
can improve this upper bound to O(n+n

4=5
m
3=5+m).

Theorem 3.6. The three-dimensional zero cover size

�3(n;m) = 
(n+ n
5=6

m
1=2 + n

1=2
m
5=6 +m).

Proof: Consider the case n
1=3

< m � n. Fix a set
P of n points and a set H of m hyperplanes satisfy-
ing Lemma 3.5. Any mutually incident subsets of P
and H contain either at most one point or at most two
planes. Thus, the number of entries in any zero mi-
nor of M (P;H) is at most twice the size of the minor.
It follows that any zero cover of M (P;H) must have
size 
(I(P;H)) = 
(n5=6m1=2). The dual6 construc-

tion gives us a lower bound of 
(n1=2m5=6) for all m
in the range n � m < n

3, and the trivial lower bound

(n+m) applies for other values of m. 2

Lemma 3.7. Let P be a set of n points and H a set of

m planes in IR3, such that every point in P is either on

or above every plane in H, and any three planes in H

intersect in at most one point. Then I(P;H) � 3(m+n).

Proof: Call any point (resp. plane) lonely if it is inci-
dent to less than three planes (resp. points). Without
loss of generality, we can assume that none of the points
in P or planes in H is lonely, since each lonely point and
plane contributes at most three incidences.

6We assume the reader is familiar with the concept of point-
hyperplane duality. Otherwise, see [13] or [24].
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No point in the interior of of the convex hull of P can
be incident to a plane in H. Any point in the interior of
a facet of the convex hull can be on at most one plane
in H. Consider any point p 2 P in the interior of an
edge of the convex hull. Any plane containing p also
contains the two endpoints of the edge. There cannot
be more than two such planes in H, so p must be lonely.
It follows that every point in P is a vertex of the convex
hull of P .

No plane can contain a point unless it touches the
upper envelope of H. Any plane that only contains a
vertex of the upper envelope must be lonely. For any
plane h that contains only an edge of the envelope, two
other planes also contain that edge, and any points on h
must also be on the other two planes. Then h must be
lonely, since any three planes in H intersect in at most
one point. It follows that every plane in H spans a facet
of the upper envelope of H. Furthermore, every point
in P is a vertex of this upper envelope.

Construct a bipartite graph with vertices P and H

and edges corresponding to incident pairs. This graph is
clearly planar, and thus has at most 3(m+n) edges. 2

Note that this lemma still holds if we weaken the
general position requirement to rule out only mutually
incident sets of s points and t planes, where s and t

are any �xed constants. We reiterate here that without
some sort of general position assumption, we can easily
achieve mn incidences.

Theorem 3.8. The three-dimensional monochromatic

cover size ��3(n;m) = 
(n+ n
5=6

m
1=2+n

1=2
m
5=6+m).

Proof: Consider the case 2n1=3 < m � n. Fix a set P
of n points and a set H of m=2 hyperplanes satisfying
Lemma 3.5.

Call a sign matrix loosely monochromatic if either
none of its entries is + or none of its entries is �.
For all subsets P

0 � P and H
0 � H, Lemma 3.7 im-

plies that if M (P 0
;H

0) is loosely monochromatic, then
I(P 0

;H
0) = O(jP 0j+ jH0j).

Now replace each plane h 2 H with a pair of par-
allel planes at distance " on either side of h, for some
suitably small constant " > 0. Call the resulting set of
m hyperplanes H

"
. We say that a point is close to a

plane if the distance between them is exactly ". There
are 
(n5=6m1=2) close pairs between P and H

"
, and no

incidences.

For every monochromatic minor of the matrix
M (P;H

"
), there is a corresponding loosely monochro-

matic minor of M (P;H). Furthermore, there is a one-
to-one correspondence between the close pairs in the
�rst minor and the incident pairs in the second. It fol-
lows that any monochromatic minor of M (P;H

"
) ori-

ents only a linear number of close pairs. Thus, any

m

n=m n=m2 n=m3n =m23n =m

3/4(nm)

2/3(nm)

5/6(nm)

1/2(nm)

nm
1/21/4 1/3 2/3 3/4

n

1/2 5/6mn 5/6 1/2n m

2/3 2/3n m

log
nm

n

Figure 4. Comparison of lower bounds for �
�

2(n;m) and

�
�

3(n;m).

monochromatic cover for P and H
"
must have size


(n5=6m1=2).

Similar arguments apply to other values of m. 2

Unfortunately, for the special case m = �(n), this
does not improve the 
(n4=3) bound we derived earlier
for the planar case. For all other values of m between

(n1=3) and O(n3), however, the new bound is an im-
provement. See Figure 4.

3.4 Higher Dimensions

In the full version of the paper, we prove the following
results.

Lemma 3.9. For any bn1=dc < m, there exists a set

P of n points and a set H of m hyperplanes in IRd,

such that I(P;H) = 
(n1�2=d(d+1)m2=(d+1)) and any d

hyperplanes in H intersect in at most one point.

Theorem 3.10. The d-dimensional zero cover size

�
d
(n;m) =




 
dX

i=1

�
n
1�2=i(i+1)

m
2=(i+1) + n

2=(i+1)
m
1�2=i(i+1)

�!
:

Unfortunately, the best lower bounds we can derive
for ��

d
(m;n) in higher dimensions derive trivially from

Theorem 3.8. In particular, we are unable to generalize
Lemma 3.7 even to four dimensions. The best upper
bound we can prove on the number of incidences be-
tween n points and m hyperplanes in IR4, where every
point is above or on every hyperplane and no four hyper-
planes contain a line, is O(n+n

2=3
m
2=3+m). (See [16]

for the derivation of a similar upper bound.) No su-
perlinear lower bounds are known in any dimension, so
there is some hope for a linear upper bound.

However, we can achieve a super-linear number of in-
cidences in �ve dimensions, under a weaker combinato-
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rial general position requirement. Unlike in lower di-
mensions, therefore some sort of geometric general po-
sition requirement is necessary to keep the number of
incidences small. (We do not know of any such require-
ment that is su�cient, except for the trivial requirement
that at most d+ 1 hyperplanes contain any point.)

Lemma 3.11. For all n and m, there exists a set P

of n points and a set H of m hyperplanes in IR5, such

that every point is on or above every hyperplane, no two

hyperplanes in H contain more than one point of P in

their intersection, and I(P;H) = 
(n+n
2=3

m
2=3+m).

Proof: De�ne the function � : IR3 ! IR6 as follows.

�(x; y; z) = (x2; y2; z2;
p
2xy;

p
2yz;

p
2xz)

For any v; w 2 IR3, we have h�(v); �(w)i = hv; wi2,
where h�; �i denotes the usual inner product of vectors.
In a more geometric setting, � maps points and lines in
the plane, represented in homogeneous coordinates, to
points and hyperplanes in IR5, also represented in ho-
mogeneous coordinates [24]. For any point p and line
` in the plane, the point �(p) is incident to the hyper-
plane �(`) if and only if p is incident to `; otherwise,
�(p) lies above �(`). Thus, we can take P and H to
be the images under � of any sets of n points and m

lines with 
(n+ n
2=3

m
2=3 +m) incidences, as given by

Lemma 3.2. 2

4 Partitioning Algorithms

A partition graph is a directed acyclic graph, with one
source, called the root , and several sinks, or leaves. Ev-
ery non-leaf is either a primal node or a dual node. As-
sociated with each primal or dual node v is a set R

v
of

query regions, satisfying three conditions.

1. The cardinality of R
v
is at most some constant �.

2. Each region in R
v
is connected.

3. The union of the regions in R
v
is IRd.

In particular, we do not require the query regions to
be disjoint, convex, simply connected, or even semi-
algebraic, nor do we require that each query region have
constant descriptional complexity.7 Each query region
in R

v
is associated with an outgoing edge of v. Thus,

the out-degree of the graph is at most �.

Every point p 2 IRd induces a subgraph of a partition
graph as follows. We say that a point reaches every node
in its subgraph and traverses every edge in its subgraph.
The point p reaches a node v if either v is the root, or

7In fact, all three of the conditions we list are stronger than

necessary to prove our results.

p traverses some edge into v. If p reaches a primal node
v, then it also traverses every edge corresponding to a
query region R 2 R

v
that contains p. If p reaches a dual

node v, then it also traverses every edge corresponding
to a query region that intersects the dual hyperplane p�.
The subgraph induced by p contains all the nodes that
p reaches and all the edges that p traverses. Similarly,
every hyperplane h induces a subgraph, according to
the primal query regions that intersect h and the dual
query regions that contain the dual point h�.

Given a set of points and hyperplanes, a partitioning

algorithm constructs a partition graph and determines
the subgraphs induced by each point and hyperplane.
For the purpose of proving lower bounds, we charge
unit time whenever a point or hyperplane traverses an
edge. In particular, we do not charge for the construc-
tion of the partition graph itself, nor for constructing
its query regions. We emphasize that partitioning algo-
rithms are nondeterministic, since the partition graph
and its query regions depend on the input.

A partitioning algorithm decides Hopcroft's problem
by reporting an incidence if and only if some leaf in its
partition graph is reached by both a point and a hyper-
plane. It is easy to see that if a point and hyperplane
are incident, then there is at least one leaf in every par-
tition graph that is reached by both the point and the
hyperplane. Thus, given a set P of points and a set
H of hyperplanes, a partition graph in which no leaf is
reached by both a point and a hyperplane provides a
proof that there are no incidences between P and H.

In the remainder of this section, we derive lower
bounds for the worst-case running time of partitioning
algorithms that solve Hopcroft's problem. With the ex-
ception of the basic lower bound of 
(n logm+m logn),
which we prove directly, all of our lower bounds are de-
rived from the cover size bounds in Section 3.

4.1 The Basic Lower Bound

Theorem 4.1. Any partitioning algorithm that de-

cides Hopcroft's problem in any dimension must take

time 
(n logm+m logn) in the worst case.

Proof: It su�ces to consider the following con�gura-
tion, where n is a multiple of m. P consists of n points
on some vertical line in IRd, say the x

d
-axis, and H con-

sists of m hyperplanes normal to that line, placed so
that n=m points lie between each hyperplane and the
next higher hyperplane, or above the top hyperplane.
For each point, call the hyperplane below it its partner.
Each hyperplane is the partner of n=m points.

Let G be the partition graph generated by some par-
titioning algorithm. The out-degree of any node in G

is bounded by some constant �. The level of any node
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in G is the length of the shortest path from the root to
that node. There are at most �k nodes at level k. We
say that a node v separates a point-hyperplane pair if
both the point and the hyperplane reach v, but none of
the outgoing edges of v is traversed by both the point
and the hyperplane. Finally, we say that a hyperplane
h is active at level k if none of the nodes in the �rst k
levels separates h from any of its partners.

Suppose v is a primal node. For each hyperplane h

that v separates from one of its partner points p, mark
some query region in R

v
that contains p, but misses

h. The marked region lies completely above h, but not
completely above any hyperplane higher than h. It fol-
lows that the same region cannot be marked more than
once. Since there are at most � regions, at most � hy-
perplanes become inactive. By similar arguments, if v
is a dual node, then v separates at most � points from
their partners.

Thus, the number of hyperplanes that are inactive
at level k is less than �k+2. In particular, at level
blog�mc � 3, at least m(1� 1=�) hyperplanes are still
active. It follows that at least n(1 � 1=�) points each
traverse at least blog�mc�3 edges, so the total running
time of the algorithm is at least

n(1� 1=�)(blog�mc � 3) = 
(n logm):

Similar arguments establish a lower bound of 
(m logn)
when n < m. 2

4.2 The Decision Problem Lower Bound

Let TA(P;H) denote the running time of an algorithm
A that decides Hopcroft's problem in IRd for some d,
given points P and hyperplanes H as input.

Theorem 4.2. Let A be a partitioning algorithm that

decides Hopcroft's problem, and let P be a set of points

andH a set of hyperplanes such that I(P;H) = 0. Then
TA(P;H) = 
(�(P;H)).

Proof: Recall that the running time TA(P;H) is de-
�ned in terms of the edges of the partition graph as
follows.

TA(P;H)
4

=
X
p2P

#edges p traverses+
X
h2H

#edges h traverses

We say that a point or hyperplane misses an edge
from v to w if it reaches v but does not traverse the edge.
(It might still reach w by traversing some other edge.)
For every edge that a point or hyperplane traverses, it
misses at most �� 1 other edges.

� � TA(P;H) �

X
p2P

(#edges p traverses +#edges p misses) +

X
h2H

(#edges h traverses +#edges h misses)

Call any edge that leaves a primal node a primal edge,
and any edge that leaves a dual node a dual edge.

� � TA(P;H) �X
p2P

(#primal edges p traverses +#dual edges p misses) +

X
h2H

(#dual edges h traverses +#primal edges h misses)

=
X
primal

edges e

(#points tranversing e+#hyperplanes missing e) +

X
dual

edges e

(#hyperplanes traversing e+#points missing e)

Consider, for some primal edge e, the set P
e
of points

that traverse e and the set H
e
of hyperplanes that

miss e. The edge e is associated with some query re-
gion R, such that every point in P

e
is contained in R,

and every hyperplane in H
e
is disjoint from R. It fol-

lows immediately that the relative orientation matrix
M (P

e
;H

e
) is simple. Similarly, for any dual edge e,

the relative orientation matrix of the set of points that
miss e and hyperplanes that traverse e is also simple.

Now consider any point p 2 P and hyperplane h 2 H.
Since A correctly decides Hopcroft's problem, no leaf is
reached by both p and h. It follows that some node v
separates p and h. If v is a primal node, then h misses
the outgoing primal edges that p traverses. If v is a
dual node, then p misses the outgoing dual edges that
h traverses.

Thus, for each edge in the partition graph, we can as-
sociate a simple minor, and this collection of minors cov-
ers the relative orientation matrix M (P;H). Further-
more, the size of this simple cover is exactly the lower
bound we have for � � TA(P;H) above. Splitting each
simple minor into monochromatic minors at most dou-
bles the size of the cover. Thus, the algorithm induces
a monochromatic cover of size at most 2� � TA(P;H).
Since this must be at least �(P;H), we have the lower
bound TA(P;H) � �(P;H)=2�. 2

Corollary 4.3. The worst-case running time of any

partitioning algorithm that solves Hopcroft's problem

in IRd is 
(n logm+ n
2=3

m
2=3 +m logn) for d = 2 and


(n logm+n
5=6

m
1=2+n

1=2
m
5=6+m logn) for all d � 3.

Proof: Theorems 4.1 and 4.2 together imply that the
worst case running time is 
(n logm + �

�
d
(n;m) +

n logm). Theorem 3.4 gives us the planar lower bound,
and Theorem 3.8 gives us the lower bound in higher
dimensions. 2

We emphasize here that the condition I(P;H) = 0
is necessary for the lower bound to hold. If there is
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an incidence, then the trivial algorithm correctly \de-
tects" it. The partition graph contains one leaf, and
since it is reached by every point and hyperplane, the
algorithm reports an incidence. This is consitent with
the intuition that it is trivial to prove the existence of an
incidence, but much harder to prove the nonexistence of
incidences.

4.3 The Counting Problem Lower Bound

The counting version of Hopcroft's problem is to deter-
mine, given a set of points and hyperplanes, the number
of incident pairs. A partitioning algorithm solves the
counting version of Hopcroft's problem as follows. The
number of incidences associated with a leaf in its parti-
tion graph is the number of points that reach it times
the number of hyperplanes that reach it. The algorithm
returns as its output the sum of these products over all
leaves in its partition graph.

Since every incident point-hyperplane pair is guar-
anteed to reach at least one leaf, it is not possible for
a partitioning algorithm to count too few incidences.
The only ways the algorithm can go wrong are count-
ing the same incidence more than once and counting
incidences that don't exist. Thus, in order to be cor-

rect, the algorithm must ensure that every non-incident
point-hyperplane pair is separated, and that every inci-
dent pair reaches exactly one leaf.

Theorem 4.4. Let A be a partitioning algorithm that

solves the counting version of Hopcroft's problem, and

let P be a set of points and H a set of hyperplanes.

Then TA(P;H) = 
(�(P;H)).

Proof: We follow the proof for the decision lower bound
almost exactly. We associate a simple minor with every
edge just as before. We also associate a monochromatic
minor with every leaf, consisting of all points and hy-
perplanes that reach the leaf. Every non-incident point-
hyperplane pair is represented in some edge minor, and
every incident pair in exactly one leaf minor. Thus, the
minors form a simple cover. The total size of the leaf
minors is certainly less than TA(P;H), since every point
and hyperplane that reaches a leaf must traverse one of
the leaf's incoming edges. The total size of the edge mi-
nors is at most � � TA(P;H), as established previously.
Splitting each edge minor into monochromatic minors
at most doubles their size. Thus, we get a monochro-
matic cover of size at most (2� + 1)TA(P;H), which
implies TA(P;H) � �(P;H)=(2�+ 1). 2

Corollary 4.5. Any partitioning algorithm that solves

the counting version of Hopcroft's problem in IRd re-

quires time




�
n logm+

dX
i=2

�
n
1� 2

i(i+1)m
2

i+1 + n
2

i+1m
1� 2

i(i+1)

�
+m log n

�

in the worst case.

We can prove the following much stronger bound by
only paying attention to the minors induced at the
leaves. We de�ne an unbounded partition graph to be
just like a partition graph except that we place no re-
strictions on the number of query regions associated
with each node. Call the resulting class of algorithms
unbounded partitioning algorithms.

Theorem 4.6. Let A be an unbounded partitioning al-

gorithm that solves the counting version of Hopcroft's

problem, and let P be a set of points and H a set of

hyperplanes. Then TA(P;H) = 
(�(P;H)).

Proof: We associate a zero minor with every leaf, and

these minors form a zero cover. The total size of the
leaf minors is certainly less than TA(P;H), since every
point and hyperplane that reaches a leaf must traverse
one of the leaf's incoming edges. 2

Corollary 4.7. Any unbounded partitioning algo-

rithm that solves the counting version of Hopcroft's

problem in IRd requires time




 
dX

i=1

�
n
1�2=i(i+1)

m
2=(i+1) + n

2=(i+1)
m
1�2=i(i+1)

�!

in the worst case.

Our results also imply a lower bound for a variant
of the counting version of Hopcroft's problem, in the
Fredman/Yao semigroup arithmetic model. The lower
bound follows from the following result of Chazelle [9,
Lemma 3.3]. (Chazelle's lemmaonly deals with the case
n = m, but his proof generalizes immediately to the
more general case.)

Lemma 4.8. If A is an n�m incidence matrix with I

ones and no p� q minor of ones, then the complexity of

computing Ax over a semigroup is 
(I=pq � n=p).

Theorem 4.9. Given n weighted points and m hyper-

planes in IRd,




 
dX

i=1

�
n
1�2=i(i+1)

m
2=(i+1) + n

2=(i+1)
m
1�2=i(i+1)

�!

semigroup operations are required to determine the sum

of the weights of the points on each hyperplane, in the

worst case.

Proof: The lower bound follows immediately from
Lemma 3.9. 2
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5 Related Problems

In the full version of the paper, we prove lower bounds
for a number of other problems, either by reduction to
Hopcroft's problem, or from direct application of our
earlier proof techniques. No lower bound bigger than

(n logm + m logn) was previously known for any of
these problems.

Extreme caution must be taken when applying reduc-
tion arguments to partitioning algorithms. It is quite
easy to apply a \standard" reduction argument, only
to �nd that the reduction also changes the model. A
simple example illustrates the di�culty. Consider the
problem of detecting incidences between a set of points
and a set of lines in three dimensions. This problem
is clearly harder than Hopcroft's problem in the plane.
Nevertheless, there is an extremely simple partitioning

algorithm that solves this problem in linear time! The
partition graph consists of a single primal node with two
query regions, one of which contains all the points but
does not intersect any of the lines. Even in this case,
however, Theorem 4.6 implies an 
(n4=3) lower bound
for the counting version of this problem.

We list here some of our results. We omit the proofs
from this extended abstract.

Theorem 5.1. Any partitioning algorithm that de-

cides, given n red and m blue line segments in the plane,

whether any red segment intersects a blue segment, re-

quires time 
(n logm+n
2=3

m
2=3+m logn) in the worst

case.

Theorem 5.2. Any (unbounded) partitioning algo-

rithm that counts, given n lines in IR3, the number of

intersecting pairs, requires time 
(n4=3) in the worst

case.

Theorem 5.3. Any partitioning algorithm that com-

putes, given n points and m halfplanes, the sum over

all halfplanes of the number of points contained in each

halfplane, requires time 
(n logm+n
2=3

m
2=3+m logn)

in the worst case.

Theorem 5.4. Any partitioning algorithm that deter-

mines, given n points and m triangles in the plane,

whether any triangle contains a point, requires time


(n logm + n
2=3

m
2=3 +m logn) in the worst case.

Theorem 5.5. Any partitioning algorithm that de-

tects unit distances among n points in the plane requires

time 
(n4=3) in the worst case.

Theorem 5.6. Any (unbounded) partitioning algo-

rithm that counts incidences between n points and m

hyperplanes in IR5, where every point lies on or above

every hyperplane, requires time 
(n+n
2=3

m
2=3+m) in

the worst case.

6 Open Problems

A number of open problems remain to be solved. The
most obvious problem is to improve our lower bounds,
in particular for the case n = m. The true com-

plexity of Hopcroft's problem almost certainly increases
with the dimension, but the best lower bound we can
achieve in higher dimensions comes trivially from the
two-dimensional case. The most obvious approach is
to improve our cover size bounds. Is there a set of n
points and n planes in IR3 whose minimum monochro-
matic cover size is !(n4=3)?

Another possible approach is to consider restrictions
of the partitioningmodel. Can we achieve better bounds
if we only consider algorithms whose query regions are
convex? What if the query regions at every node must
be distinct? What if the running time depends on the
complexity of the query regions, or the number of nodes
in the partition graph?

The class of partitioning algorithms is general enough
to directly include many, but not all, existing algorithms
for deciding Hopcroft's problem. The model requires
that a single data structure be used to determine which
points and hyperplanes intersect each query region, but
many algorithms use a tree-like structure to locate the
points and an iterative procedure to locate the hyper-
planes. We can usually modify such algorithms so that
they do �t our model, at the cost of only a constant
factor in their running time, but this is a rather ad hoc
solution. Any extension of our lower bounds to a more
general model, which would explicitly allow di�erent
strategies for locating points and hyperplanes, would
be interesting.

The partitioning algorithm model is speci�cally tai-
lored to detect intersections or containments between
pairs of objects. There are a number of similar geo-
metric problems for which the partitioning algorithm
model simply does not apply. We mention one spe-
ci�c example, the cyclic overlap problem. Given a set
of non-intersecting line segments in IR3, does any sub-
set form a cycle with respect to the \above" relation?

The fastest known algorithm for this problem, due to
de Berg et al. [4], runs in time O(n4=3+"), using a
divide-and-conquer strategy very similar to algorithms
for Hopcroft's problem. In fact, in the algebraic deci-
sion tree model, the cyclic overlap problem is at least as
hard as Hopcroft's problem [17]. However, it is not clear
that this problem can even be solved by a partitioning
algorithm, since the answer might depend on arbitrar-
ily large tuples of segments, arbitrarily far apart. Ex-
tending our lower bounds into more traditional models
of computation is an important and very di�cult open
problem.
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