
Algorithms Lecture 6: Treaps and Skip Lists

I thought the following four [rules] would be enough, provided that I made a �rm and
constant resolution not to fail even once in the observance of them. The �rst was never
to accept anything as true if I had not evident knowledge of its being so. . . . The second,
to divide each problem I examined into as many parts as was feasible, and as was requisite
for its better solution. The third, to direct my thoughts in anorderly way. . . establishing an
order in thought even when the objects had no natural priority one to another. And the last,
to make throughout such complete enumerations and such generalsurveys that I might be
sure of leaving nothing out.

| Ren�e Descartes, Discours de la M�ethode(1637)

For example, creating shortcuts by sprinkling a few diversely connected individuals through-
out a large organization could dramatically speed up information 
ow between departments.
On the other hand, because only a few random shortcuts are necessary to make the world
small, subtle changes to networks have alarming consequencesfor the rapid spread of com-
puter viruses, pernicious rumors, and infectious diseases.

| Ivars Peterson, Science News, August 22, 1998.

6 Treaps and Skip Lists

In this lecture, we consider two randomized alternatives to balanced binary search tree structures
such as AVL trees, red-black trees, B-trees, or splay trees, which are arguably simpler than any of
these deterministic structures.

6.1 Treaps

A treap is a binary tree in which every node has both asearch keyand a priority , where the in-
order sequence of search keys is sorted and each node's priority is smaller than the priorities of its
children.1 In other words, a treap is simultaneously a binary search tree for the search keys and a
(min-)heap for the priorities. In our examples, we will use lette rs for the search keys and numbers
for the priorities.

5

A L

G

O

RI

TH

M
1

2 3

7

9 8

4

6

A treap. The top half of each node shows its search key and the bottom half shows its priority.

I'll assume from now on that all the keys and priorities are distinct . Under this assumption, we
can easily prove by induction that the structure of a treap is completely determined by the search
keys and priorities of its nodes. Since it's a heap, the nodev with highest priority must be the root.
Since it's also a binary search tree, any nodeu with key(u) < key(v) must be in the left subtree,
and any node w with key(w) > key(v) must be in the right subtree. Finally, since the subtrees are
treaps, by induction, their structures are completely determined. The base case is the trivial empty
treap.

1Sometimes I hate English. Normally, `higher priority' means `more important', but `�rst priority' is also more impor-
tant than `second priority'. Maybe `posteriority' would be better; one student suggested `unimportance'.
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Algorithms Lecture 6: Treaps and Skip Lists

Another way to describe the structure is that a treap is exactlythe binary tree that results by
inserting the nodes one at a time into an initially empty tree, i n order of increasing priority, using
the usual insertion algorithm. This is also easy to prove by induction.

A third way interprets the keys and priorities as the coordinates of a set of points in the plane.
The root corresponds to aT whose joint lies on the topmost point. The T splits the plane into
three parts. The top part is (by de�nition) empty; the left and rig ht parts are split recursively. This
interpretation has some interesting applications in computational geometry, which (unfortunately)
we probably won't have time to talk about.
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A geometric interpretation of the same treap.

Treaps were �rst discovered by Jean Vuillemin in 1980, but he called them Cartesian trees.2

The word `treap' was �rst used by Edward McCreight around 1980 to describe a slightly different
data structure, but he later switched to the more prosaic namepriority search trees.3 Treaps were
rediscovered and used to build randomized search trees by Cecilia Aragon and Raimund Seidel in
1989.4 A different kind of randomized binary search tree, which uses random rebalancing instead
of random priorities, was later discovered and analyzed by Conrado Mart́�nez and Salvador Roura
in 1996.5

6.1.1 Binary Search Tree Operations

The search algorithm is the usual one for binary search trees. Thetime for a successful search is
proportional to the depth of the node. The time for an unsuccessful search is proportional to the
depth of either its successor or its predecessor.

To insert a new node z, we start by using the standard binary search tree insertion algorithm
to insert it at the bottom of the tree. At the point, the search keys still form a search tree, but the
priorities may no longer form a heap. To �x the heap property, as lon g as z has smaller priority
than its parent, perform a rotation at z, a local operation that decreases the depth ofz by one and
increases its parent's depth by one, while maintaining the search tree property. Rotations can be
performed in constant time, since they only involve simple pointer manipulation.

2J. Vuillemin, A unifying look at data structures. Commun. ACM 23:229–239, 1980.
3E. M. McCreight. Priority search trees.SIAM J. Comput. 14(2):257–276, 1985.
4R. Seidel and C. R. Aragon. Randomized search trees.Algorithmica 16:464–497, 1996.
5C. Mart́�nez and S. Roura. Randomized binary search trees.J. ACM 45(2):288-323, 1998. The results in this paper

are virtually identical (including the constant factors!) to the corresponding results for treaps, although the analysis
techniques are quite different.

2



Algorithms Lecture 6: Treaps and Skip Lists
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A right rotation at x and a left rotation at y are inverses.

The overall time to insert z is proportional to the depth of z before the rotations—we have to
walk down the treap to insert z, and then walk back up the treap doing rotations. Another way to
say this is that the time to insert z is roughly twice the time to perform an unsuccessful search for
key(z).
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Left to right: After inserting (S;10), rotate it up to �x the heap property.
Right to left: Before deleting (S;10), rotate it down to make it a leaf.

Deleting a node isexactlylike inserting a node, but in reverse order. Suppose we want to delete
node z. As long asz is not a leaf, perform a rotation at the child of z with smaller priority. This
movesz down a level and its smaller-priority child up a level. The choice of which child to rotate
preserves the heap property everywhere except atz. When z becomes a leaf, chop it off.

We sometimes also want tosplit a treap T into two treaps T< and T> along some pivot key � ,
so that all the nodes in T< have keys less than� and all the nodes in T> have keys bigger then� .
A simple way to do this is to insert a new node z with key(z) = � and priority (z) = �1 . After the
insertion, the new node is the root of the treap. If we delete the root, the left and right sub-treaps
are exactly the trees we want. The time to split at � is roughly twice the time to (unsuccessfully)
search for � .

Similarly, we may want to mergetwo treaps T< and T> , where every node in T< has a smaller
search key than any node inT> , into one super-treap. Merging is just splitting in reverse—create
a dummy root whose left sub-treap isT< and whose right sub-treap isT> , rotate the dummy node
down to a leaf, and then cut it off.

6.1.2 Analysis

The cost of each of these operations is proportional to the depth of some node v in the treap.

� Search: A successful search for keyk takes O(depth(v)) time, where v is the node with
key(v) = k. For an unsuccessful search, letv� be the inorder predecessorof k (the node
whose key is just barely smaller thank), and let v+ be the inorder successorof k (the node
whose key is just barely larger thank). Since the last node examined by the binary search is
either v� or v+ , the time for an unsuccessful search is eitherO(depth(v+ )) or O(depth(v� )) .

� Insert/Delete: Inserting a new node with key k takes eitherO(depth(v+ )) time or O(depth(v� ))
time, where v+ and v� are the predecessor and successor of the new node. Deletion is just
insertion in reverse.
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� Split/Merge: Splitting a treap at pivot value k takes eitherO(depth(v+ )) time or O(depth(v� ))
time, since it costs the same as inserting a new dummy root with search key k and priority
�1 . Merging is just splitting in reverse.

Since the depth of a node in a treap is�( n) in the worst case, each of these operations has a
worst-case running time of �( n).

6.1.3 Random Priorities

A randomized binary search treeis a treap in which the priorities are independently and uniformly
distributed continuous random variables. That means that whenever we insert a new search key into
the treap, we generate a random real number between (say)0 and 1 and use that number as the
priority of the new node. The only reason we're using real numbers isso that the probability of two
nodes having the same priority is zero, since equal priorities make the analysis messy. In practice,
we could just choose random integers from a large range, like0 to 231 � 1, or random �oating point
numbers. Also, since the priorities are independent, each node is equally likely to have the smallest
priority.

The cost of all the operations we discussed—search, insert, delete, split, join—is proportional to
the depth of some node in the tree. Here we'll see that theexpecteddepth of any node is O(log n),
which implies that the expected running time for any of those operations is alsoO(log n).

Let xk denote the node with the kth smallest search key. To analyze the expected depth, we
de�ne an indicator variable

A i
k =

[
x i is a proper ancestor ofxk

]
:

(The superscript doesn't mean power in this case; it just a reminder of which node is supposed to
be further up in the tree.) Since the depth of v is just the number of proper ancestors ofv, we have
the following identity:

depth(xk ) =
n∑

i =1

A i
k :

Now we can express theexpecteddepth of a node in terms of these indicator variables as follows.

E[depth(xk )] =
n∑

i =1

Pr[A i
k = 1]

(Just as in our analysis of matching nuts and bolts in Lecture 3, we're using linearity of expectation
and the fact that E[X ] = Pr[ X = 1] for any indicator variable X .) So to compute the expected
depth of a node, we just have to compute the probability that some node is a proper ancestor of
some other node.

Fortunately, we can do this easily once we prove a simple structural lemma. Let X (i; k ) denote
either the subset of treap nodesf x i ; x i +1 ; : : : ; xkg or the subset f xk ; xk+1 ; : : : ; x i g, depending on
whether i < k or i > k . X (i; k ) and X (k; i ) always denote prceisly the same subset, and this subset
contains jk � i j + 1 nodes. X (1; n) = X (n; 1) contains all n nodes in the treap.

Lemma 1. For all i 6= k, x i is a proper ancestor of xk if and only if x i has the smallest priority
among all nodes in X (i; k ).
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Proof: If x i is the root, then it is an ancestor of xk , and by de�nition, it has the smallest priority of
any node in the treap, so it must have the smallest priority in X (i; k ).

On the other hand, if xk is the root, then x i is not an ancestor of xk , and indeed x i does not
have the smallest priority in X (i; k ) — xk does.

On the gripping hand6, suppose some other nodex j is the root. If x i and xk are in different
subtrees, then either i < j < k or i > j > k , so x j 2 X (i; k ). In this case, x i is not an ancestor
of xk , and indeed x i does not have the smallest priority in X (i; k ) — x j does.

Finally, if x i and xk are in the same subtree, the lemma follows inductively (or, if you prefer,
recursively), since the subtree is a smaller treap. The empty treap is the trivial base case. �

Since each node inX (i; k ) is equally likely to have smallest priority, we immediately have the
probability we wanted:

Pr[A i
k = 1] =

[i 6= k]
jk � i j + 1

=






1
k � i + 1

if i < k

0 if i = k
1

i � k + 1
if i > k

To compute the expected depth of a nodexk , we just plug this probability into our formula and
grind through the algebra.

E[depth(xk )] =
n∑

i =1

Pr[A i
k = 1] =

k� 1∑

i =1

1
k � i + 1

+
n∑

i = k+1

1
i � k + 1

=
k∑

j =2

1
j

+
n� k+1∑

i =2

1
j

= H k � 1 + Hn� k+1 � 1

< ln k + ln( n � k + 1) � 2

< 2 ln n � 2:

In conclusion, every search, insertion, deletion, split, and merge operation in an n-node randomized
binary search tree takesO(log n) expected time.

Since a treap is exactly the binary tree that results when you insert the keys in order of increas-
ing priority, a randomized treap is the result of inserting the ke ys in random order. So our analysis
also automatically gives us the expected depth of any node in a binary tree built by random inser-
tions (without using priorities).

6.1.4 Randomized Quicksort (Again?!)

We've already seen two completely different ways of describing randomized quicksort. The �rst
is the familiar recursive one: choose a random pivot, partition, and recurse. The second is a
less familiar iterative version: repeatedly choose a new randompivot, partition whatever subset
contains it, and continue. But there's a third way to describe randomized quicksort, this time in
terms of binary search trees.

6See Larry Niven and Jerry Pournelle,The Gripping Hand, Pocket Books, 1994.
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RANDOMIZEDQUICKSORT:
T  an empty binary search tree
insert the keys into T in random order
output the inorder sequence of keys inT

Our treap analysis tells us is that this algorithm will run in O(n logn) expected time, since each key
is inserted in O(log n) expected time.

Why is this quicksort? Just like last time, all we've done is rearrange the order of the com-
parisons. Intuitively, the binary tree is just the recursion tr ee created by the normal version of
quicksort. In the recursive formulation, we compare the initial p ivot against everything else and
then recurse. In the binary tree formulation, the �rst “pivot” bec omes the root of the tree without
any comparisons, but then later as each other key is inserted into the tree, it is compared against
the root. Either way, the �rst pivot chosen is compared with everyth ing else. The partition splits
the remaining items into a left subarray and a right subarray; in the binary tree version, these are
exactly the items that go into the left subtree and the right subtree. Since both algorithms de�ne
the same two subproblems, by induction, both algorithms perform the same comparisons.

We even saw the probability 1
jk� i j+1 before, when we were talking about sorting nuts and bolts

with a variant of randomized quicksort. In the more familiar setti ng of sorting an array of numbers,
the probability that randomized quicksort compares the i th largest and kth largest elements is
exactly 2

jk� i j+1 . The binary tree version comparesx i and xk if and only if x i is an ancestor ofxk or
vice versa, so the probabilities are exactly the same.

6.2 Skip Lists

Skip lists, which were �rst discovered by Bill Pugh in the late 1980's, 7 have many of the usual
desirable properties of balanced binary search trees, but their structure is completely different.

6.2.1 Random Shortcuts

At a high level, a skip list is just a sorted, singly linked list wi th some shortcuts. To do a search in
a normal singly-linked list of length n, we obviously need to look at n items in the worst case. To
speed up this process, we can make a second-level list that contains roughly half the items from the
original list. Speci�cally, for each item in the original list, we duplicate it with probability 1=2. We
then string together all the duplicates into a second sorted linked list, and add a pointer from each
duplicate back to its original. Just to be safe, we also add sentinel nodes at the beginning and end
of both lists.

-¥ +¥

-¥ +¥

1 2 3 4 5 6 7 8 90

1 6 7 90 3

A linked list with some randomly-chosen shortcuts.

Now we can �nd a value x in this augmented structure using a two-stage algorithm. First, we
scan forx in the shortcut list, starting at the �1 sentinel node. If we �nd x, we're done. Otherwise,
we reach some value bigger thanx and we know that x is not in the shortcut list. Let w be the
largest item less than x in the shortcut list. In the second phase, we scan forx in the original
list, starting from w. Again, if we reach a value bigger than x, we know that x is not in the data
structure.

7William Pugh. Skip lists: A probabilistic alternative to ba lanced trees.Commun. ACM 33(6):668–676, 1990.
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-¥ +¥

-¥ +¥

1 2 3 4 5 6 7 8 90

1 6 7 90 3

Searching for 5 in a list with shortcuts.

Since each node appears in the shortcut list with probability 1=2, the expected number of nodes
examined in the �rst phase is at most n=2. Only one of the nodes examined in the second phase
has a duplicate. The probability that any node is followed by k nodes without duplicates is 2� k , so
the expected number of nodes examined in the second phase is at most1 +

∑
k� 0 2� k = 2 . Thus,

by adding these random shortcuts, we've reduced the cost of a search from n to n=2 + 2, roughly a
factor of two in savings.

6.2.2 Recursive Random Shortcuts

Now there's an obvious improvement—add shortcuts to the shortcuts,and repeat recursively. That's
exactly how skip lists are constructed. For each node in the original list, we �ip a coin over and
over until we get tails. For each heads, we make a duplicate of the node. The duplicates are stacked
up in levels, and the nodes on each level are strung together intosorted linked lists. Each nodev
stores a search key (key(v)), a pointer to its next lower copy (down (v)), and a pointer to the next
node in its level (right (v)).

-¥ +¥

-¥ +¥

-¥ +¥

-¥ +¥

-¥ +¥

-¥ +¥

1 2 3 4 5 6 7 8 90

1 6 7 90

1 6 7

3

1 7

7

A skip list is a linked list with recursive random shortcuts.

The search algorithm for skip lists is very simple. Starting at the leftmost node L in the highest
level, we scan through each level as far as we can without passing the target value x, and then
proceed down to the next level. The search ends when we either reach a node with search keyx or
fail to �nd x on the lowest level.

SKIPLISTFIND(x; L ):
v  L
while ( v 6= NULL and key(v) 6= x)

if key(right (v)) > x
v  down(v)

else
v  right (v)

return v

7
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-¥ +¥1 2 3 4 5 6 7 8 90

-¥ +¥1 6 7 90

-¥ +¥1 6 7

3

-¥ +¥1 7

-¥ +¥7

-¥ +¥

Searching for 5 in a skip list.

Intuitively, Since each level of the skip lists has about half thenumber of nodes as the previous
level, the total number of levels should be aboutO(log n). Similarly, each time we add another level
of random shortcuts to the skip list, we cut the search time in half except for a constant overhead.
So after O(log n) levels, we should have a search time ofO(log n). Let's formalize each of these two
intuitive observations.

6.2.3 Number of Levels

The actual values of the search keys don't affect the skip list analysis, so let's assume the keys
are the integers 1 through n. Let L (x) be the number of levels of the skip list that contain some
search keyx, not counting the bottom level. Each new copy of x is created with probability 1=2
from the previous level, essentially by �ipping a coin. We can compute the expected value ofL (x)
recursively—with probability 1=2, we �ip tails and L(x) = 0 ; and with probability 1=2, we �ip
heads, increaseL(x) by one, and recurse:

E [L (x)] =
1
2

� 0 +
1
2

(
1 + E[L (x)]

)

Solving this equation gives usE[L (x)] = 1 .
In order to analyze the expected worst-case cost of a search, however, we need a bound on the

number of levelsL = max x L(x). Unfortunately, we can't compute the average of a maximum the
way we would compute the average of a sum. Instead, we will derive a stronger result, showing
that the depth is O(log n) with high probability . `High probability' is a technical term that means the
probability is at least 1 � 1=nc for some constantc � 1; the hidden constant in the O(log n) bound
could depend on c.

In order for a search key x to appear on the kth level, we must have �ipped k heads in a row,
so Pr[L (x) � k] = 2 � k . In particular,

Pr[L (x) � 2 lgn] =
1
n2 :

(There's nothing special about the number2 here.) The skip list has at least2 lgn levels if and only
if L (x) � 2 lgn for at least one of the n search keys.

Pr[L � 2 lgn] = Pr
[
(L (1) � 2 lgn) _ (L (2) � 2 lgn) _ � � � _ (L (n) � 2 lgn)

]

SincePr[A _ B ] � P r [A] + Pr[ B ] for any random events A and B , we can simplify this as follows:

Pr[L � 2 lgn] �
n∑

x=1

Pr[L (x) � 2 lgn] =
n∑

x=1

1
n2 =

1
n

:

So with high probability, a skip list has O(log n) levels.
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6.2.4 Logarithmic Search Time

It's a little easier to analyze the cost of a search if we imagine running the algorithm backwards.
SKIPLISTFIND takes the output from SKIPLISTFIND as input and traces back through the data struc-

ture to the upper left corner. Skip lists don't really have up and left pointers, but we'll pretend that
they do so we don't have to write ` v down(v) ' or ` v right(v) '.8

SKIPLISTFIND (v):
while ( v 6= L)

if up(v) exists
v  up(v)

else
v  left(v)

Now for everynode v in the skip list, up(v) exists with probability 1=2. So for purposes of
analysis, SKIPLISTFIND is equivalent to the following algorithm:

FLIPWALK(v):
while ( v 6= L)

if COINFLIP = HEADS

v  up(v)
else

v  left(v)

Obviously, the expected number of heads is exactly the same as theexpected number of TAILs.
Thus, the expected running time of this algorithm is twice the expected number of upward jumps.
Since we already know that the number of upward jumps is O(log n) with high probability, we can
conclude that the expected worst-case search time isO(log n).

*6.3 High-Probability Bounds for Treaps

The simple recursive structure of skip lists make it relatively easy to derive an upper bound on
the expected worst-casesearch time, by way of a stronger high-probability upper bound on the
worst-case search time. We can prove similar results for treaps,but because of the more complex
recursive structure, we need slightly more sophisticated probabilistic tools. These tools are usually
cell tail inequalities; intuitively, they bound the probability that a random variable wit h a bell-
shaped distribution takes a value in the tails of the distribution, far away from the mean.

The simplest such bound is called Markov's Inequality.

Markov's Inequality. If X is a non-negative integer random variable, thenPr[X � t] � E[X ]=t for
any t > 0.

8 LeonardodaVinciusedtowriteeverythingthisway,butnotbecausehewantedtokeephisdiscoveriessecret.
Hejusthadreallybadarthritisinhisrighthand!
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Proof: This follows from the de�nition of expectation by simple algebraic ma nipulation.

E[X ] =
1∑

k=0

k � Pr[X = k] [de�nition of E[X ]]

=
1∑

k=0

Pr[X � k] [algebra]

�
t � 1∑

k=0

Pr[X � k] [since k < 1 ]

�
t � 1∑

k=0

Pr[X � t] [since k < t ]

= t � Pr[X � t] [algebra] �

6.3.1 Chernoff Bounds

Unfortunately, the bounds that Markov's inequality implies (at l east directly) are often very weak,
even useless. (For example, Markov's inequality implies that with high probability, every node in an
n-node treap has depthO(n2 logn). Well, duh!) To get stronger bounds, we need to exploit some
additional structure in our random variables.

Recall that random variablesX 1; X 2; : : : ; X n are mutually independentif and only if

Pr

[
n∧

i =1

(X i = x i )

]

=
n∏

i =1

Pr[X i = x i ]

for all possible valuesx1; x2; : : : ; xn . For examples, different �ips of the same fair coin are mutually
independent, but the number of heads and the number of tails in a sequence of n coin �ips are not
independent (since they must add to n). Mutual independence of the X i 's implies that

E

[
n∏

i =1

X i

]

=
n∏

i =1

E[X i ]:

SupposeX =
∑n

i =1 X i is the sum of n mutually independent random indicator variables X i .
For eachi , let pi = Pr[ X i = 1] , and let � = E[ X ] =

∑
i E[X i ] =

∑
i pi .

Chernoff Bound (Upper Tail). Pr[X > (1 + � )� ] <
(

e�

(1 + � )1+ �

)�

for any � > 0.

Proof: The proof is fairly long, but it replies on just a few basic components: a clever substitution,
Markov's inequality, the independence of the X i 's, The World's Most Useful Inequalityex > 1 + x,
a tiny bit of calculus, and lots of high-school algebra.

We start by introducing a variable t, whose role will become clear shortly.

P r [X > (1 + � )� ] = Pr[ etX > e t (1+ � )� ]

To cut down on the superscripts, I'll usually write exp(x) instead of ex in the rest of the proof. Now
apply Markov's inequality to the right side of this equation:

P r [X > (1 + � )� ] <
E[exp(tX )]

exp(t(1 + � )� )
:

10
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We can simplify the expectation on the right using the fact that the terms X i are independent.

E [exp(tX )] = E
[

exp
(

t
∑

i

X i

)]
= E

[ ∏

i

exp(tX i )
]

=
∏

i

E [exp(tX i )]

We can bound the individual expectations E
[
etX i

]
using The World's Most Useful Inequality:

E[exp(tX i )] = pi et + (1 � pi ) = 1 + ( et � 1)pi < exp
(
(et � 1)pi

)

This inequality gives us a simple upper bound forE[etX ]:

E [exp(tX )] <
∏

i

exp((et � 1)pi ) < exp
( ∑

i

(et � 1)pi

)
= exp(( et � 1)� )

Substituting this back into our original fraction from Markov's ineq uality, we obtain

P r [X > (1 + � )� ] <
E[exp(tX )]

exp(t(1 + � )� )
<

exp((et � 1)� )
exp(t(1 + � )� )

=
(

exp(et � 1 � t(1 + � ))
)�

Notice that this last inequality holds for all possible values oft. To obtain the �nal tail bound,
we will choose t to make this bound as tight as possible. To minimizeet � 1 � t � t� , we take its
derivative with respect to t and set it to zero:

d
dt

(et � 1 � t(1 + � )) = et � 1 � � = 0 :

(And you thought calculus would never be useful!) This equation has just one solution t = ln(1+ � ).
Plugging this back into our bound gives us

P r [X > (1 + � )� ] <
(

exp(� � (1 + � ) ln(1 + � ))
)� =

(
e�

(1 + � )1+ �

)�

And we're done! �

This form of the Chernoff bound can be a bit clumsy to use. A more complicated argument gives
us the bound

Pr[X > (1 + � )� ] < e � �� 2 =3

for any 0 < � < 1.
A similar argument gives us an inequality bounding the probability that X is signi�cantly less

than its expected value:

Chernoff Bound (Lower Tail). Pr[X < (1 � � )� ] <
(

e�

(1 � � )1� �

)�

< e � �� 2 =2 for any � > 0.

6.3.2 Back to Treaps

In our analysis of randomized treaps, we de�ned the indicator vari able A i
k to have the value 1 if

and only if the node with the i th smallest key (`nodei ') was a proper ancestor of the node with the
kth smallest key (`nodek'). We argued that

Pr[A i
k = 1] =

[i 6= k]
jk � i j + 1

;

11
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and from this we concluded that the expected depth of nodek is

E[depth(k)] =
n∑

i =1

Pr[A i
k = 1] = H k + Hn� k � 2 < 2 ln n:

To prove a worst-case expected bound on the depth of the tree, we need to argue that the
maximum depth of any node is small. Chernoff bounds make this argument easy,once we establish
the following fact, whose proof we leave as an easy exercise (hint,hint).

Observation. For any index k, the k � 1 random variables X i
k such that i < k are mutually inde-

pendent. Similarly, for any index k, the n � k random variables X i
k such that i > k are mutually

independent.

Lemma: The depth of a randomized treap with n nodes isO(log n) with high probability.

Proof: First let's bound the probability that the depth of node k is at most 10 lnn. There's nothing
special about the constant10 here; I'm being somewhat generous to make the analysis easier.

The depth is a sum ofn indicator variables A i
k , as i ranges from 1 to n. Our Observation allows

us to partition these variables into two mutually independent subsets. Letd< (k) =
∑

i<k A i
k and

d> (k) =
∑

i<k A i
k , so that depth(k) = d< (k) + d> (k). Our earlier analysis implies that

E[d< (k)] = H k � 1 and E[d> (k)] = Hn� k+1 � 1

If depth(k) > 10 lnn, then either d< (k) > 5 ln n or d> (k) > 5 ln n. We can bound the probability
that d< (k) > 5 ln n by applying Chernoff's inequality with � = E[ d< (k)] = H k � 1 < ln n and � = 4 .

Pr[d< (k) > 5 ln n] < Pr[d< (k) > 5� ]

<
(

e2

55

)�

<
(

e2

55

)ln n

= n ln( e2=55 ) = n2� 5 ln 5 <
1
n6 :

(The last step uses the fact that5 ln 5 � 8:04781> 8.) The same analysis implies thatPr[d< (k) >
5 ln n] < 1=n6. These inequalities imply the very crude upper boundPr[depth(k) > 10 lnn] < 2=n6.

Now consider the probability that the treap has depth greater than 10 lnn. Even though the
distributions of different nodes' depths are not independent, we can conservatively bound the prob-
ability of failure as follows:

Pr
[

max
k

depth(k) > 10 lnn
]

<
n∑

k=1

Pr[depth(k) > 10 lnn] <
2
n5 :

More generally, this same argument implies that for any constant � , the depth of the treap is less
than 2� ln n with probability at most 2=n1� � ln � . �

This lemma implies that any search, insertion, deletion, or merge operation on an n-node treap
requires O(log n) time with high probability. In particular, the expected worst-ca se time for each of
these operations isO(log n).
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